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Preface 
to the Russian Edition 


Thermodynamics, as is known, is constructed quite simply. Two of 
its main laws have been established experimentally, and by applying 
mathematical tools to them we can obtain the range of conclusions. 
in which thermodynamics is so rich. 

The mathematical tools of thermodynamics are simple but in 
certain aspects at the same time quite sophisticated. Neglecting 
some of these sophisticated “trifles” often results in crude mistakes, 
even in reputable works on thermodynamics. 

The restricted size of the usual textbooks on thermodynamics does 
not permit discussing more extensively these important questions 
concerning the mathematical tools. For this reason it was felt neces- 
sary to consider these problems in a special book, which though lim- 
ited in size would at the same time go into details. 

Naturally, the author does not aim at a presentation of thermo- 
dynamics and its physical, chemical, and technical applications. 
These have been sufficiently discussed in the existing textbooks and 
monographs. The purpose of this book is more modest—to deepen 
the reader’s knowledge of the mathematical tools of thermodynamics, 
to systematize them, and at the same time to emphasize questions 
that are often a source of error in thermodynamic calculations. The 
book is therefore designed to meet the needs of students and graduates 
majoring in thermal physics, physical engineering, and physico- 
technical specialities who already have a background in general 
thermodynamics. I hope that the book may also prove useful to 
scientists, engineers, and teachers specializing in thermodynamics. 

Comments on the contents of this book will be much appreciated. 


V.V. Sychev 
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1 Recollections 
of Thermodynamics: 
A Survey Chapter 


This book cousiders the mathematical tools of thermodynamics and 
its applications. It is not intended to give a detailed analysis of the 
general problems of thermodynamics. Therefore, in this chapter we 
briefly discuss some concepts of thermodynamics necessary for sub- 
sequent presentation. 


1.1 Basie Concepts of Thermodynamics 


1.1.1. The thermodynamic quantities characterizing a substance 
are either intensive or extensive. 

Intensive quantities are those whose values do not depend on the 
amount of substance in the system (pressure, temperature, and some 
others). 

Extensive quantities are those whose values depend on the amount 
of substance in the system. Volume, which varies under given con- 
ditions with the amount of substance, can serve as an example of 
an extensive quantity. 

Specific extensive quantities, i.e. the values per unit amount of 
substance, behave like intensive quantities. 

Intensive quantities that determine the state of a body or group 
of bodies (a thermodynamic system) are called thermodynamic para- 
meters of the state of the body (system). The most convenient and, 
therefore, the most widespread parameters of state are temperature, 
pressure, and specific volume (density) of the body. 

When no external forces act on the system, the state of a pure sub- 
stance is uniquely determined if two intensive independent para- 
meters are given. (When we have a mixture of substances and when 
a system is under external forces, e.g. an external electric field or 
external magnetic field, the number of parameters necessary to 
determine uniquely the state of the system increases. In this book 
we will deal only with pure substances.) Any other parameter is a 
function of two given parameters. Hence, any three parameters of 
State (e.g. pressure p, Specific volume v, and temperature 7) of a pure 
substance are uniquely related to each other. The equation that 
connects any three parameters is called the equation of state for a 
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given substance. For each substance the relationship between these 
parameters is individual and, hence, thermodynamic properties are 
described by an equation of state specifically for each substance. 

The relationship between the parameters of state can be repre- 
sented by the so-called state surface in a system of coordinates (e.g. 
pP, v, T) along whose axes the values of these parameters are laid off. 
The projections of this thermodynamic surface on the coordinate 
planes (say p-v, p-T, or v-T planes) are called phase diagrams of the 
substance. 

1.1.2. By a thermodynamic system we understand a collection of 
bodies interacting with each other and the surrounding medium; all 
‘other bodies beyond the boundaries of the system are called the sur- 
rounding medium. 

If at least one of the state parameters of the system changes, the 
state of the system changes, too, i.e. a thermodynamic process 
takes place. This process is'a collection of varying states of the 
system under consideration. 

1.1.3. Thermodynamic quantities can be divided into two catego- 
ries: process functions and state functions. 

Thermodynamic quantities whose values (with the state of the 
system varying in the course of thermodynamic process from initial 
State Z to terminal state 2) depend on the path of the process /-2 
are termed process functions. In other words, if v is a process func- 
tion, the amount by which this function changes in the process 7-2, 
V;_2, defined by the obvious relation 


vie= | dy, (4.1) 
(1-2) 


will differ depending on the path along which the line integral (1.1) 
is calculated. As is known from thermodynamics, heat and work are 
process functions. 

Thermodynamic quantities whose values (with the state of the 
system varying in the course of a thermodynamic process from initial 
state Z to terminal state 2) do not depend on what path the process 1-2 
takes and are defined only by the difference of the values of the given 
function in the terminal and initial states, are termed state Functions. 
In other words, if «« is a state function, 


7 A= (1.2) 


(1-2) i 
Internal energy, enthalpy, and entropy are examples of state 
functions. 
1.1.4. Thermodynamic systems can perform different types of work: 
the work of expansion against external pressure, the work of in- 
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creasing a surface area against surface tension, the work of displacing 
a body in a gravitational field, the work of polarizing dielectrics in 
an electric field, and so on. We know that although all these types 
of work differ greatly there is a common formula for calculating 
the work L: 


dL = t dY. (1.3) 


Here € is the external force acting on the body (system), and Y is 
the state parameter (coordinate) of the system conjugate to the force 
¢. It is common practice to call ¢ a generalized force and Y a general- 
ized coordinate.! 

If a system performs work against external pressure p accompanied 
by an increase in volume V (the so-called work of expansion), then 
(1.3) becomes 


dL = p dv. (1.4) 


It should be noted that different types of generalized force have 
different generalized coordinates conjugate to them. When con- 
sidering particular systems we will always establish what state para- 
meter of the system is a generalized force and what a generalized 
coordinate. 

If several types of force act simultaneously on a system, then 
evidently the work done by the system is the sum of the amount of 
work done by the system under the action of each force: 


n 


dL= >\t,dY., (1.5) 
i=1 


where Å; is the ith generalized force, and Y; the generalized coor- 
dinate conjugate to this force; n the number of generalized forces. 

Thermodynamic systems performing only work of expansion will 
be called simple systems, while those performing other work besides 
work of expansion complex systems. 

In what follows we will consider systems performing either only 
work of expansion (i.e. simple systems) or performing no more than 
two types of work simultaneously, one being work of expansion. It is 
therefore expedient to represent the work L done by the complex 
system as a sum of two terms: the work of expansion and any other 
possible type of work. Let us denote by L* any type of work other 
than expansion work p dV. Then, obviously, 


dL = p dV +dL*. (1.6) 


1 Sometimes in the literature a generalized force is called an intensity factor 
and a generalized coordinate a capacity factor. These names indicate that 
generalized forces are intensive quantities and generalized coordinates extensive. 
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We will also use the notations 
dL* = dW, | (41.7) 
where Ẹ is a generalized force with the exception of pressure, and 


W is a generalized coordinate with the exception of volume. In 
accordance with these notations Eq. (1.6) can be written thus: 


dL = p dY + aW. (1.8) 


Obviously, for mass specific values (i.c. per unit mass) of the 
thermodynamic quantities in Eqs. (1.3) through (1.8) these equations. 
can be written thus: 


dl = t dy, (4.3a). 

dl = p dv, (1.4a) 

dl = Sib; dyi» (1.5a) 
i=1 

dl = p dv + di*, (4.6a) 

dl = Ẹ dw, (1.7a} 

dl = p dv + Ẹ dw; (1.8a) 


where v is the specific volume, and y and w the mass specific values 
of the generalized coordinates Y and W (y = Y/G and w = W/G, 
with G the mass of the substance in the system). 


1.2 The Equations of the First and Second Laws of 
Thermodynamics 


1.2.1. We know that the equation of the first law of thermodynam- 
ics, the law of conservation and conversion of energy, can be written 
in the following form: 


dQ = dU + dL, (1.9) 


where Q is the amount of heat supplied to or rejected from a thermo- 
dynamic system, U the internal energy of the system, and L the 
work done by the system (or done on the system). 

We noted above that neither Q nor L is a state function; both 
depend on the process by which the system goes from state 7 to 
state 2. So dQ and dL, are, obviously, not total differentials. 

For simple systems Eq. (1.9) combined with (4.4) is written 


dQ = dU + pav, (1.10) 
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while for complex systems, using (1.5), (4.6), and (1.8), respectively, 


dQ=dU+ DE, dY;, (1.11) 
i=1 
dQ = dU + pdV + dL*, (1.12) 
and 
dQ = dU + pdY + § aW. (1.13) 


In the same way, for mass specific values of thermodynamic 
quantities these relationships are written thus: 


dq = du + p dv, (1.10a) 

dq=du + >, 6; dy; (1.11a) 
i=1 

dq = du + p dv + di*, (4.42a) 

dg = du + p dv + § dw. (1.13a) 


1.2.2. Enthalpy is one of the most important thermodynamic 
quantities. For simple systems enthalpy H is determined by the 
following relation: 


H = U + pV, (1.14) 
while for complex systems by the relation 
H* = U + pV + EW. (1.15) 
In the same way specific enthalpy for simple systems is 
h = u + pv, (1.14a) 


and for complex systems 
h* = u + pv + Ew. (1.15a) 


1.2.3. The equation of the first law of thermodynamics for a sta- 
tionary flow of a liquid or gas in a channel can be written in terms of 
(mass) specific quantities as 


dq=dh + wdw + gdz + dleen + dlaiss: (1.16) 


where g is the heat supplied to the flow (or rejected from it), A the 
enthalpy of the fluid, w the flow velocity, z the height, ltecen the 
so-called technical work done by the flow, laiss the dissipative work 
(e.g. the work done by the flow in overcoming frictional forces), and 
g the acceleration of gravity. 

The heat q in Eq. (1.16) consists of two parts: the heat gext brought 
into the flow from outside (or rejected from it to the surroundings) 
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and the dissipative heat gaiss, liberated, for instance, when the 
flow involves friction: 


q = ext + Gatss: (1.17) 

Since qaiss iS equivalent to laisse we can write Eq. (1.16) in the 
following form: 

ddext = dh -++ wdw + gdz + dlrecn; (1.18) 

the equation is valid both with and without friction in the flow. 


1.2.4. An analytic expression for the second law of thermodynamics 
has the form 


T dS > dọ, (1.19) 


with S the entropy of the system. In terms of specific quantities this 
relation is 


T ds > dq. (1.19a) 


Here the “greater than” sign is used when the system undergoes an 
irreversible process, and the equality holds when the process is 
reversible. 

Hence, for reversible processes 


dQ = T dS (1.20) 
and, respectively, 
dq = T ds. (1.20a) 


1.2.5. From Eqs. (1.9) and (1.19) we can see that a combined 
equation for the first and second laws of thermodynamics can be 
written as 


T dS >dU + dL. (1.24) 


For a simple system this relation together with (1.4) is transformed 
thus: 


T dS `> dU + pav, (1.22) 
whereas for a complex system Eq. (1.21) combined with (1.5) yields 


n 
TdS>dU+ >) t; dY, (1.23) 
i=1 


or, which is the same, combining (1.21) with (1.6), we obtain 
T dS >dU + pdV + dL*; (1.24) 


for a complex system performing one more type of work besides work 
of expansion we can employ (1.7) and write 


TdS >dU + pdV + € dw. (1.25) 
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In accordance with the above, when a system undergoes reversible 
processes, relations (1.21) through (1.25) have the form: 
for all systems 


T dS = dU + dL, (1.26) 
for a Simple system 
T dS = dU + pay, (1.27) 


and for a complex system 


T dS = au +> ba, (1.28) 
T dS = dU +p > av + dL*, (1.29) 
TdS = dU + pdv + dw. (1.30) 


Obviously, for mass specific values of thermodynamic quantities 
Eqs. (4.21) through (1.25) are respectively written in the following 
form: 


T ds > du + dl, (1.21a) 

T ds >du + p dv, (1.22a) 

Tds>du+ X C,dy;, (1.23a) 

T ds > du + p dv + dl*, (1.24a) 

T ds > du + p dv + E du, (4.25a) 
and Eqs. (1.26) through (1.30) in the following form: 

T ds = du + dl, (1.26a) 

T ds = du + p dv, (1.27a) 

T ds=du+ >) tidy; (1.28a) 

i=1 
T ds = du + p dv +'dl*. (1.29a) 
T ds = du + p dv + € dw. (1.30a) 


1.2.6. These are the basic thermodynamic relationships that we 
will need in what follows. 


2 The Mathematical Tools 
of Thermodynamics 


2.1 Derivatives of Functions of Several Variables 


2.1.1. Thermodynamics deals mainly with functions of several 
variables. The following notation is assumed in thermodynamics: 
a partial derivative of a function z (z,, ..., £n) with respect to the 
variable xz; is denoted by (0z/dz;) x#x; here the subscript indicates 
that the derivative is taken assuming that the quantity in the sub- 
script is constant. For instance, the derivative of pressure with 
respect to temperature, dp/dT, showing how the pressure varies with 
temperature, may be calculated in various conditions: at constant 
volume V, at constant entropy S. at constant enthalpy H, and so on. 
In each case the derivative is denoted by (dp/dT),, (ôplðT)s, or 
(Op/OT) , and differs in value. 

The well-known relationships for the derivatives of functions of 
several variables are widely used when considering differential 
equations of thermodynamics. These relationships are given below 
in Secs. 2.1.2 through 2.1.5. 

As a rule, we will consider thermodynamic quantities that are 
functions of two variables.1 It may happen that one of the variables 
is a unique function of another variable. 

If a variable y is uniquely related to z and, therefore, y = y (z), 
the function z (z, y) is, in the fina] analysis, a function of one vari- 
able; consequently, ðz/ðx is a total derivative, dz/dz. For instance, 
the specific volume of a pure substance v is in general a function of 
two thermodynamic parameters (e.g. pressure p and temperature 7). 
However, the specific volume of a substance, vg, on a boundary curve 
separating a one-phase region from a two-phase region is a function 
of only one variable, since, as we know, the pressure in a saturated 
state is uniquely related to temperature. Hence, in connection with 
the specific volume on the boundary curve we can say that the deriv- 
ative of v with respect to T along this curve is a total rather than a 
partial derivative, dv,/dT. Therefore, below (Chaps. 6 through 9) 
we will deal with both partial and total derivatives of thermody- 
namic quantities. 


1 Cases where a thermodynamic quantity is a function of more than two 
variables will be stipulated. 
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2.1.2. We will often use the well-known relations for partial deriva- 


tives 
(ae ).=1/(F). (2.1) 


and for total derivatives 


dy dz 
ae [= (2.2) 
(these relations are also known as the theorem on inverse quantities) 
For instance, 
Op\ __ oT 
(3 )=!/ (a). (2.3) 
and on the saturation line 
dp aT 
2.1.3. We will examine differentiation of a composite function. 
If y = y (u), and, in its turn, u = u (zy, ..., Zn) and, hence, y = 
= y (2, ..-, Zn), then, as we know, the following relationship 
(the so-called chain rule) holds: 
Oy = Oy ĝu 
a ( ðu ype ( Ox; Mag (2.5) 
For the case of two variables, where y = y (z, z) and u = u (zx, 2). 
this relationship is 
ay) _( ay.) ( ou 
(3).=( du ).( Ox jz (2.6) 
For instance, the chain rule enables us to write 
ôP \ —(2P\ (2). : 
($F), =( Os sm oT ),3 (2.7) 


obviously, here p = p (T, v) and s = s (T, v). 
In a similar manner, if we take a function of one variable, y = 
= y (u), and u = u (z), then 


dy _ dy du 
dr du de ` (2.8) 
For example, along the boundary curve 


dp _ dp dv 
aw a (2.9) 


2—0427 
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Using (2.1) and (2.2), we can write (2.6) and (2.8), respectively, in 
the following form: 


(3), (45). (Ge)=! (2.10) 
and 
oo = (2.11) 


2.1.4. When deriving important equations of thermodynamics, we 
make use of the Bernoulli-Euler theorem on the equality of mixed 
second-order derivatives, which states that if the mixed second-order 
derivatives of a function z (z, y) are continuous at point P (z, y), 
then they are equal at this point. In other words, for the function 
z (x, y) the value of its mixed second-order derivative does not depend 
on the order of differentiation: 


072 O72 
Ox dy dy Gr’ (2.12) 


or, which is the same, 


Lay (ae) de Lae (red, pre) 


2.1.5. The relation between second derivatives d*y/dz? and d*z/dy? 
is often used in thermodynamic equations. We see from (2.2) that 


d?y —2 (Ey. (2.14) 


dz? dz dy / 


The right-hand side of the relation combined with (2.8) may be 
transformed to the following form: 





d (dz\-1_ d ¢ dz \-i dy 
P S a ae (2:15) 
whence 
d dz spo d?r dy 3 
aa dy? ( dz ) voy) 
and, consequently, 
d? d? dy \3 
gt ae ae) eo) 


In the same manner we can show that 


(ger). = — (Ge). Ge) 2.18) 


9.4.6. These are some mathematical relations generally used in 
the differential equations of thermodynamics. 
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2.2 Pfaffian Forms and Total Differentials 


2.2.1. Differential relationships used in thermodynamics, such 
as those considered in Chap. 1 (the equation of the first law of thermo- 
dynamics, the combined equation for the first and second laws of 
thermodynamics, the relations for the work of a thermodynamic 
system, and the expressions for differentials of various thermodynam- 
ic functions), are similar in structure and have the form 


dZ = A, (£i, oy. Zn) dzi +... H An (Zis og Zn) OSs (2.19) 


where z,, .--, Zn are variables. The expression on the right-hand 
side, 
nr 
Š Å; (Zir sss Zn) OL; (2.20) 
is called a Pfaffian differential expression or a Pfaffian form. 
Obviously, the equation of the first law of thermodynamics for 
simple systems, (1.10), is a Pfaffian form in two variables; for sys- 
tems performing one more type of work besides work of expansion, 
(4.43) is the Pfaffian form in three variables; finally, for systems 
performing n types of work, (4.11) is a Pfaffian form in (n + 1) 
variables. 
We know that the total differential of a function of several (inde- 
pendent) variables, z = z a . . +; Zn), is defined as 


dz = 2 (= Jaa Ti. (2.21) 


This is, obviously, a particular case of Eq. (2.19); here 


Oz 


Aj (Ei -ees En) = (= (2.22) 


Vege 
In the majority of cases we will consider functions of two variables 
and, therefore, deal with differential relations of the form 
dZ = M (xz, y) dx + N (a, y)dy (2.23) 
and total differentials of the form 


dz— (3) dz z+ (= >) dy. (2.24) 





2.2.2. The most important question concerning thermodynamic 
relations of the type (2.19) or (2.23) is whether the Pfaffian form in 
the right-hand side of these relations is a total differential of Z. 
The point is that if dZ is a total differential, the variation of Z 
when we move from point 7 (z,, y,) on the state surface to point 
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2 (Zə, Y2) is given simply by the difference between the values of Z 
at these points: 


a2 7-27 (2.25) 


teen > ND 


If dZ is not a total differential, the variation of Z when we move 
from point Z (z,, y,) to point 2 (£2, Yo), 


Kias | dZ, (2.26) 
(1-2) 


is different depending on the path. 

As we noted in Sec. 1.1.3, thermodynamic quantities are divided 
into two categories: state functions and process functions. From the 
aforesaid it is obvious that a special feature of a state function is 
that its differential is total, while for a process function its differen- 
tial is not total. 

It is very important to find a criterion which will enable us to 
determine uniquely whether a given Pfaffian form in an equation of 
the type (2.19) or (2.23) is a total differential. Such a criterion was 
found by L. Euler. 

If the Pfaffian form 


M (z, y) dx + N (zx, y) dy (2.27) 
is a total differential, then, as noted above (see (2.22)), 
M = (=), (2.28) 
and 
n=(+) . (2.29) 


Since, according to the Bernoulli-Euler theorem, for the function 
Z (x, y) the value of its mixed second-order derivative does not 
depend on the order of differentiation (see Eq. (2.12)), 

AZ  aZ 

ozédy  ĝðy ðr?’ 


from (2.28) and (2.29) it follows that 


(S= = E (2.30) 





This implies that if condition (2.30) is met for a differential relation 
of the type (2.32), then dZ is a total differential and, hence, Z is 
a state function. But if condition (2.30) is not met, i.e. (0M/dy), 34 
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-+ (ON/dx),, the Pfaffian form on the right-hand side of (2.24) is not 
a total differential and Z is a process function. 

The Euler condition (2.30) is an important mathematical tool of 
thermodynamics. For instance, it enables showing that the differen- 
tial of an amount of heat is not total. 

Let us consider the equation of the first law of thermodynamics for 
a simple system (1.10): 

dQ = dU + pdv. 
The, above relationship implies that Q is a function of U and V. 


According to the notations of Eq. (2.23), M =1, x = U, N=p, 
and y = V. Hence, 


(2) =o (2.31) 
and (22) = (4B), (2.32) 
In its turn, (2) (#2), (2), (2.33) 
i.e. 

GEH nom 


where Cy = (GU/OT)y is the total heat capacity of the system. 
Since (2.31) differs from (2.34), the differential dQ is not total and Q 
is a process function. 

In the same manner we can show that the differential of work is 
not total. Take the work of expansion, for instance. Since here L 
is a function of two variables, pressure p and volume V, for the 
differential of this function we may generally write 


dL = M dp + N dV. (2.35) 
But since by (1.4) 
dL = pdV, 


according to the notations of (2.23) we can write M = 1, z = p, 
N = p, and y = V; therefore, 


(+), =0. (2.36) 
(=), =1. (2.37) 


We see that the quantities (0M/dy), and (0N/dz), are different and 
the differential dL is not total. , 
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In the same manner we can show that for a function of three 
variables ' 








dZ = M dz + N dy + P du. (2.38) 

and the Euler condition will have the following form: since 
a T (2.39) 
vala heo (2.40) 
PF) agit (2.41) 

we find that 

pw eae it (2.42) 
(Sr) (ae (2.43) 
(eae at (2.44) 


Conditions (2.42) through (2.44) may be represented in a brief 
form 


curl R = 0, (2.45) 


where R is a vector with components M, N, and P. 

In the general case of n variables the Pfaffian form (2.20) is a total 
differential if and only if for all i and k the following conditions are 
met: 





a is ONY, (2.46) 


Or ~ Ox; 

by analogy with (2.45) we can write these conditions in tensor form. 

2.2.3. When differential (2.23) is not total, i.e. condition (2.30) 
is not met, one would like to transform (2.23) so that it (or a pro- 
portional expression) becomes a total differential. From mathemati- 
cal analysis we know that there exists a function A (z, y) such that 
by multiplying it by the Pfaffian form (2.23) we obtain the total 
differential of a function R (z, y). The function A (x, y) is termed 
an integrating factor. From this it follows that if A is an integrating 
factor for the Pfaffian form 


dZ = M dr + N dy, 
then. 
AM dr-+ìN dy=dR, (2.47) 
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where 
AM = ( 2a J (2.48) 
and 
AN = (45). (2.49) 
Whence l 
(E h= E) (2.50) 
or 
N (= -u (>) =[(4), +4), ]e e5 
i.e. 








K (PRA) =ar (282) (Ah) (42). es 


This equation yields the sought quantity A (z, y). 
We can also show that any function of type 


M = ìf (R) (2.53) 


is also an integrating factor. In fact, the number of integrating 
factors is infinite (since we may construct an infinitude of functions 
of the 2, type). 

Thus we have considered two types of Pfaffian forms: (a) Pfaffian 
forms that are total differentials, and (b) Pfaffian forms that are 
not total differentials but are proportional to such, i.e. have an 
integrating factor transforming the Pfaffian form into the total 
differential of a function R (zx, y). 

Moreover, there is a third type of Pfaffian form. These are not 
total differentials and have no integrating factor. 

It is customary to call Pfaffian forms of the second type (with 
integrating factors) holonomic and Pfaffian forms of the third type 
(without integrating factors) nonholonomic. 

According to Cauchy’s theorem, a Pfaffian form in two variables 
is always holonomic, which follows from Eqs. (2.47) through (2.52). 

As for Pfaffian forms in three and more variables, some are holo- 
nomic while others are not. For one, a Pfaffian form in three variables, 


M dz + N dy + P du, (2.54) 
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may be holonomic or nonholonomic. As is shown in mathematical 
analysis, a Pfaffian form in three variables is holonomic if the fol- 
lowing relationship? is valid: 


M | ( om (2). ea [ (2 “oz Jy, | oe Jez 


+P?[(-),..-(= Ox Vers |= 9: 2:29) 


It should be noted that the problem of holonomic and nonholono- 
mic Pfaffian forms in three and more variables is of great interest to 
thermodynamics. Although this problem is not directly connected 
with the main subject of the book, we think it expedient to consider 
it at least briefly. 

Starting with the second law of thermodynamics in its traditional 
form (formulated by R. J. Clausius), we can introduce the concept 
of entropy via the relation 











dS == dQ. (2.57) 


Entropy is a state function and, therefore, its differential is total, 
unlike dQ. This means that the quantity 1/7 is an integrating factor 
for the Pfaffian form dQ. 

Taking this fact into account, C. Carathéodory in 1909 suggested 
a Statement of the second law of thermodynamics alternative to the 
traditional (Clausius) statement. Carathéodory confirmed that there 
exists an integrating factor for the Pfaffian form dQ (“the Pfaffian 
form dQ is holonomic”). He formulated the following criterion for the 
existence of an integrating factor for Pfaffian forms in more than 
two variables: a Pfaffian form dQ has an integrating factor if and 
only if arbitrarily close to a given point (in a space of variables whose 
function the Pfaffian form is) there are points that can not be attained 
by moving from the given point along the surface dQ = 0. 

The meaning of this statement is as follows. The differential 
equation of the type 


n 
5 A,;dz;=0 (2.58) 
2 This relation can be written in vector form 


R-curi R = 0, (2.56) 


with notations the same as in (2.45). 
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is known as the Pfaffian equation. If the Pfaffian form on the left- 
hand side of this equation is holonomic, the equation can be trans- 
formed into 


dR = 0, (2.59) 


where 


OR Gi as 0) = yy. cee Ba) De Ape. (2.60). 
i=l 
Since dR is a total differential, (2.59) has solutions 
RAG eean) SG; (2.61) 


where C is a constant (it is obvious that there is an infinitude of such 
constants). Here (2.61) is the equation of a surface in n-dimensional 
space and, therefore, there is a family of surfaces corresponding to 
the solutions of this equation. 

From the standpoint of the Pfaffian form dQ, Eq. (2.58) corresponds 
to an adiabatic system 


dQ = 0. (2.62) 


This explains why the surfaces (2.62) given by the solution of the 
Pfaffian equation are termed adiabatic surfaces. Carathéodory postu- 
lated that these surfaces do not intersect. But if this is the case, 
then, obviously, a point (z,, ..., Zn) corresponding to a definite 
State of the thermodynamic system can belong to only one adiabatic 
surface. Consequently, arbitrarily close to the considered state there 
are other states (points belonging to other adiabatic surfaces) that 
cannot be attained by moving along an adiabatic path from the 
given point. This statement (the principle of adiabatic inaccessibility) 
constitutes the main point of Carathéodory’s formulation of the 
second law of thermodynamics: “In the immediate neighbourhood of 
each State of a system there are other states which cannot be attained 
by an adiabatic path alone.” 

The meaning of this statement is clear, since it is easy to show that 
the converse is also true: if arbitrarily close to the given state there 
are other states inaccessible by an adiabatic path, then, consequently, 
the Pfaffian form dQ is holonomic. Thus, if the principle of adiabatic 
inaccessibility is true, dQ is holonomic; as Carathéodory showed, 
from the fact that dQ is holonomic follows the existence of entropy of 
thermodynamic systems. 

In considering Carathéodory’s theory we must clearly understand 
the following point. We know that the second law of thermodynamics 
was formulated on the basis of data accumulated as a result of direct. 
observations of macrosystems; this fact is included in the traditional 
formulation of the second law of thermodynamics (the Clausius pos- 
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tulate, which states that heat cannot transfer by itself from the cold 
body to the hot). It might seem that Carathéodory formulated the 
second law of thermodynamics purely theoretically without employ- 
ing experimental data (i.e. not postulating but “proving” the law). 
Actually this is not true: the principle of adiabatic inaccessibility 
is a postulate (i.e. a hypothesis assumed without proof) to the same 
extent as the above mentioned Clausius postulate; in fact, Carathéo- 
dory’s principle in the final analysis postulates the unprovable pro- 
position that the Pfaffian form dQ in n variables is always holonomic. 


2.3 The Relationships Between Derivatives 


2.3.1. The expression for the total differential of a function z (z, y) 








dz = M dz + N dy, . (2.63) 
where M = (z/ðz), and N = (02/dy),, clearly shows that 
ðz — Ox oy 
( om J= ( ôm LAN om Js (2.64) 


This relationship is often used in thermodynamics. For instance, 
from Eq. (1.27a) 


T ds = du + pdv 
combined with (2.64) it follows that 


T (n= (ee te (Ge )e: (2.65) 


It is clear that since M = (02/dx), and N = (02/dy),, Eq. { 
can also be written in the following form: 


$2 ).=(2), (GAH. GE), een 
If we put m = z and n = z, we find that 


Eee (2.67) 


Obviously, if a quantity z is a function of two variables z and y, 
or Z = Z (x, y), we are justified in considering z as a function of y 
and z, or z = x (y, Z), and y as a function of x and z, or y = y (z. 2). 
Equation (2.67) uniquely relates all possible derivatives of these 
three functions. 

This equation (a linkage of three derivatives) is widely used in 
thermodynamics. According to (2.67), for p, v, and T we have 


(-), (E) (4), =-8 (2.68) 





bo 
cA 
as 
wr 
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for h, u, and s 











($) ($e), (Ge), =—1 (2.69) 


and for p, s, and v 


( m )o( s ), eames (2.70) 


2.3.2. If we set m = x but n Æ z, then from (2.66) there follows 
one more useful relationship: 


ale ely care | ea” 


This equation can be used to relate the partial derivatives of given 
quantities that have been calculated with different constant para- 
meters. For instance, if we wish to find the relation between the 
derivatives (0p/0T), and (@p/AT),, from (2.71) it follows that 


Concerning Eq. (2.71) the following question can arise: since z 
is, indeed, a function of only two variables, x and y, the derivative 
(ôz/ðx) from (2.71) is calculated with m kept constant. But what is 
the quantity m, a new variable? Not at all. The quantity z depends 
only on two variables, z and y, and m represents one more function 
of the same variables x and y. We illustrate this statement with the 
following examples. 

Let m = 2? + 2y. We wish to find the relation between the deriva- 
tives (02/dx), and (02/0x),249,. From (2.71) it follows that 





























( 3 Jaa Ea (=a le (4) aa (2.73) 
On the other hand, using (2.67) we can write 
[ 2 ey. | 
Cos ee a oF) = (2.74) 
7 oy x 


whence we easily find that 


(zan =k (2.75) 


and, therefore, 








(5) z) ( ae (2.76) 
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Let us suppose, further, that m = zy. From (2.71) it follows that 
Oz _ [{ a Oz i oy 
( Ox Jey = ( ôx ), + oy J ( Ox ee (2.77) 


Equation (2.67) implies that 




















acy \ 
haa 0.79 

we also note that ee 
(2) =- 219 


and, hence, 








ode e heare (2.80) 


As we will subsequently show, Eq. (2.71) is widely used in the 
various transformations of thermodynamic differential equations. 
2.3.3. In Sec. 2.1.1 we pointed out that in thermodynamics the 
quantities x and y in (2.24) may be rigidly related and, hence, z is 
in fact a function of only one variable z. From (2.71) it follows that 


ee me ae 2:01) 


x dx 











We note that dz/dz is known as the total derivative. 
In accordance with (2.8) we can write 








dy _ dy iz 
“dr dz dz’ (2.82) 


From (2.81) we then obtain the following: 


(--), (EY a) S 288) 


On the basis of this we can obtain useful equations for calculating 
thermodynamic quantities (see Chap. 7). 














2.4 The Legendre Transformation 


2.4.1. The transformation that changes the roles of dependent and 
independent variables is called the Legendre transformation.’ 


3 This transformation, suggested by A. Legendre i in 1789, is a particular 
case of the so-called contact transformations. 
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Let us consider an arbitrary function of several variables, 





F, (£, Y, Z, ...). Obviously, a total differential of this function can 
be written in the form 
dF, = X dz + Y dy + Zdz +... (2.84) 
where 
_( OF; Atak af Or 
X=( Ox de ’ i =( oy Joa a Z=( Oz Jos 
(2.85) 
etc. Obviously, X, Y, Z, .. . are functions of variables z, Y, z,.... 
Let us introduce the function 
F, = Fy — Xr. (2.86) 
It is obvious that 
dF, = dF, — X dz — z dX; (2.87) 
whence, taking into account (2.84), we have 
dF, = —zrdX + Ydy+Zdz+.... (2.88) 
Thus, this transformation yields the transition from independent 
variables z, y, z, ... to independent variables X, y, z, ... and, 


hence, z becomes dependent and X independent. In other words, to 
change the roles of dependent and independent variables, it is 
necessary to make use of the following relation: 


X dz = d (Xz) — zr dX. (2.89) 


2.4.2. As we will show below (Chap. 3), by applying the Legendre 
transformation (2.89) to the function U we can obtain a number of 
important thermodynamic functions (the so-called characteristic 
functions); here we use the relations of type (2.89), in which variables 
T, p, and & are substituted for s, v, and w, respectively. F. Massieu 
was the first to apply the Legendre transformations of thermodyna- 
mic functions in 1869. 


2.5 The Discontinuities of Thermodynamic Functions 


2.5.1. The notion of continuity of a function is one of the most 
important in mathematics. We recall that a function f (x) is said 
to be continuous at a point a if (a) this function is defined throughout 
a neighbourhood of a, (b) there exist limits of this function lim f (x) 

x~ a 
from the left and right of point a, and (c) these limits coincide with 
the value which the function assumes at z = a. This definition can 
be written thus: 


f (a + 0) = f (a — 0) = f (a), (2.90) 
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where we have introduced the following notations: 
Jim f(z)=f(a+0) (2.91) 
x-a+0 


and 


lim f(z)= f(a— 0); (2.92) 
x>a-0 


here z > a + 0 means that z tends to a from values of z greater 
than a, and z > a — 0 means that z tends to a from values of z 
less than a. 

If condition (2.90) is not met, then the function f (r) has a dis- 
continuity at point a. 

It is customary to divide the points of discontinuity into two 
categories: 

(1) Point a is called a point of discontinuity of the first kind if 
there exist the limits of the function f (x) from the left and right of @ 


F(z) Pe 


f(x-a} 


ai 








f(zt+a)e-——-—-—-—— 





a T a rT 


(a) (b) 
Fig. 2.1 


but at least one of these limits, f (a + 0) or f (a — 0), is distinct 
from f (a). 

(2) All other points of discontinuity are called points of discon- 
tinuity of the second kind. Obviously, at a point of discontinuity 
of the second kind a function has no limit. 

Examples of the points of discontinuity of a function are given 
in Fig. 2.4; (a) a discontinuity of the first kind, and (b) a discon- 
tinuity of the second kind. 

2.5.2. In the same way as we dealt above with a function of one 
variable, we can introduce the notion of a continuous function of two 
or more variables and, correspondingly, a classification of points of 
discontinuity of the function. Clearly, the points of discontinuity 
of a function z = z (z, y) can form a line of discontinuity, and 
the function undergoes a discontinuity when passing across this line. 
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It is the lines of discontinuity of a function that we have to deal 
with mostly in thermodynamics. 

2.5.3. Thermodynamic functions are continuous throughout a 
thermodynamic state surface except in the regions of phase tran- 
sitions. When we cross a boundary curve separating a one-phase 
region from a two-phase region, thermodynamic functions undergo 
a jump; in other words, boundary curves are the lines of discon- 
tinuity of thermodynamic functions. For some functions this is a 
discontinuity of the first kind. Examples are the isochoric heat 
capacity c,. the adiabatic exponent, the sound velocity, and the 
Joule-Thomson coefficient. These undergo a finite jump when cros- 
sing the boundary curve. For other thermodynamic functions, such as. 
the isobaric heat capacity cp and the quantities (dv/0T), and (dv/dp) r, 
this is a discontinuity of the second kind; everywhere on the boundary 
curve except at the critical point the functions have a limit when 
approaching the boundary curve from the one-phase region and 
become infinite when approaching the curve from the two-phase 
region, while at the critical point there are no limits of these func- 
tions from either left or right. 

The behaviour of thermodynamic systems on the lines of discon- 
tinuity is treated in detail below, in Chaps. 6 through 8. It is con- 
venient to consider the variation of a thermodynamic function of two 
variables, z = z (x, y), with the value of one variable kept constant 
(e.g. with y = const), i.e. to analyze the variation of the thermo- 
dynamic function along the line y = const when this line intersects 
the line of discontinuity of the function (boundary curve). 


2.6 Jacobians 


9.6.1. A useful tool for the operations on thermodynamic differen- 
tial equations is the functional determinants, or Jacobians. 
The Jacobian of z and y for two independent variables m and n 


is the determinant 
( Ox ) ( Ox 
dm jn v On Im 


(oal a 


where z = fı (mM, n) and y = f, (m, n). The customary notation is 














Oz Ox 
ô (1, y) ( om A ( On j; 
i i (2.93) 
=R e) (45). 
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It is obvious that 
a(z, y) __(_9% dy = ax ay 7 
d (m, n) =( om Jef On B an a ar E (2.94) 


2.6.2. Jacobians have the following basic properties. 
(1) Since according to (2.93) 












































oy dy 
A (y, 2) _ ( am l ak In (2.95) 
O(m, n) Ox ) Ox 
( Om In ( ön Ja 
and, therefore, 
awe) (oy) (22) (a) (oz . 
d(m,n) ( om Pe ôn Jm ( ôn A om ya (2.96) 
comparing (2.95) and (2.96), we see that 
ð (yz) «A(z, y) 5 
(m,n) ôm, n) ` (2.97) 
(2) Since according to (2.93) 
oy oy 
ô (yz) (3 ), (+ Jx (2 98) 
ð (xz,z) | / az dz 2 > 
Cees 
or 
oy dy 
ð (y, 2) == (4). (34). : (2.99) 
6 (x, 2) 0 { 
we see that 
O(y,z) _ { dy 
ô (x, 2) =( 3), O 


It is obvious then that all partial derivatives can be represented by 
Jacobians. 


(3) It is casy to see that 
ô (y. z) A(a,b) _ A(y.z) 

















ô (a,b) ð (m,n) A(m,n) ` (2.101) 
(4) From (2.93) it also follows that 
O(m.n) __ 
rer as (2.102) 
ð (xz, z) 
3 (m, ny TO (2.103) 
and 
k : 
oe =0 if k=const. (2.104) 
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9.6.3. Equations (2.97), (2.100), and (2.101) make it possible to 
transform the partial derivatives of thermodynamic quantities 
quite casily.* . 

Let us transform,i or instance, the quantity (07/dp),. In accordance 
with (2.100) we may write 


(=) =. (2.105) 
According to (2.97), 
FETTET? (2.106) 
while 
a(s, T) _ ôl. T) | A(p,8)_ (2.107) 








O(p,s)  d{p,T)] o(p,T) 


in conformity with (2.101). But according to (2.100), 





O(s.T) 2s 

ô (p. T) = ( Op k (2.108) 
and 

ô (p, s) _ ( Os_ 

ô (P.T) =( or J (2.109) 


Consequently, we see that 


(5). =— Ge )el (Gr), (2.110) 


Let us now express the quantity (ds/0T), in terms of (0s/0T)>. 
To this end we make the following transformations: 


Os \ __ A(s,v) 
(ar). =a (2:141) 





and, in accordance with (2.401), 


O(s,v) _  A(s,v) | A(s,v) 9) 
O(T,v) — O(T, p) | A(T, p) * oe 





Since by (2.94) 


sary = (Sr), (h-E) (F) (2.113) 





4 In 1934 A.N. Shaw was the first to suggest using Jacobians for trans- 
forming thermodynamic quantities. 


3—0427 
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and 





ALTA Nee BLS 114 
spy (op )e? eid 


combining (2.111) with (2.112) and (2.68), we find that 


Os Os Os Op 

soe Neate) cath See LP. 
(HF ), (57 ), (= E E (2.115) 
2.6.4. In conclusion we note that transformations of thermodynam- 
ic quantities can be performed without resorting to Jacobians. 


For one, relation (2.110) obtained in the above examples readily 
follows from (2.67) and relation (2.115) from (2.71). 


3 Characteristic 
Functions and 
Their Properties 


3.1 The Basie Characteristic Functions 


3.1.4. To examine the criteria for equilibrium in thermodynamic 
systems we first introduce a number of important thermodynamic 
functions. 

In Chap. 4 we noted that the combined equation of the first and 
second laws of thermodynamics is generally written in the form 


(1.25): 
T dS >dU+pdV+Edw. 


This relationship provides an important criterion for establishing 
whether an isolated thermodynamic system is in equilibrium. We 
recall that in thermodynamics a system is called isolated if it does 
not exchange heat or work with the surroundings. Hence, in such 
a system the internal energy U, volume V, and generalized coordi- 
nate VW (the latter corresponds to work other than expansion work) 
are constant. 

In accordance with the second law of thermodynamics the entropy 
of an isolated system tends to be maximal; in equilibrium it has the 
greatest possible value for such a system. Indeed, since for an isolated 
system dU = 0, dV = 0, and dW = 0, from (1.25) we see that 


dS > 0. (3.4) 


This condition determines the evolutiou of an isolated system. The 
inequality sign corresponds to a nonequilibrium state of the system, 
when the system is still on its way, so to say, to equilibrium state, 
and the equality corresponds to a system already in equilibrium. 
Thus for an isolated system in an equilibrium state 


as = 0, (3.4a) 


which is the criterion for equilibrium of an isolated system. 

But if the system is not isolated from the surrounding medium 
and can interact with it in some way (coupled with the medium, as 
is sometimes said), the criteria for equilibrium will differ from (3.2). 
They depend on the conditions in which the system interacts (couples) 
with the surroundings. 

3.1.2. For a system performing only work of expansion (simple 
system) the following four types of interaction between the system 


3% 
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and the surrounding medium are the most interesting: V = const 
and S = const, p = const and S$ = const, V = const and T = 
= const, and p = const and T = const. The equilibrium criteria 
for each interaction are as follows. 

(1) Interaction conditions V = const and S = const. We write 
the combined equation for the first and second laws of thermody- 
namics for simple systems (1.22), 


TdS >dU + pdav, 
in the form 
dU <TdS — pdFV. (3.2) 
This implies that the evolution of this system, in which dV = 0 
and dS = 0, is restricted by the condition 
dU <0. . (3.3) 
Hence, in equilibrium 
dU = 0. (3.3a) 
Thus, as the system approaches equilibrium, its internal energy 
decreases, becoming minimal in the equilibrium state. 


(2) Interaction conditions p = const and S = const. If, in ac- 
cordance with (2.89), we apply the Legendre transformation to p dV, 


pdV =d (pV) — V dp, (3.4) 
and use the definition of enthalpy for simple systems (1.14), 
H = U + py, 
we can transform (1.22) to 
dH <T dS + V dp. (3.5) 


This implies that a process in this system, in which dp = Q and 
dS = 0, takes place in such a way that the condition 


dH <0 (3.6) 
is met; hence, in equilibrium 
dH = 0. (3.6a) 


Thus, as the system approaches equilibrium, its enthalpy decreases, 
becoming minimal in the equilibrium state. 

(3) Interaction conditions V = const and T = const. If we apply 
the Legendre transformation to T dS, 


T dS = d (TS) — S dT, (3.7) 
we can transform (1.22) 
d (U — TS) < —S dT — p dV. (3.8) 
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Introducing the notation 


F=U—TS, (3.9) 

we write (3.8) in the form 
dF < —S dT — p dV. (3.10) 
The thermodynamic function F is called the isochoric-isothermal 


potential. 
From (3.10) we can see that the evolution of this system, in which 
dT = 0 and dV = Q, is restricted by the condition 


ar <0. (3.11) 

Hence, in equilibrium 
dF = Q. (3.11a) 
Thus, as the system approaches equilibrium, its isochoric-isother- 
mal potential decreases, becoming minimal in the equilibrium state. 


(4) Interaction conditions p = const and T = const. Taking into 
account (3.4) and (3.7), we can write Eq. (1.22) in the following form: 


d (U + pV — TS) < —S dT + V dp. (3.12) 


Introducing the notation 


= U + pV — TS, (3.13) 
we can write (3.12) in the form 
dD < —S dT + V dp. (3.14) 
The thermodynamic function P is called the isobaric-isothermal 
potential. 
From (3.13), (1.14), and (3.9) we see that 
p = H — TS (3.15) 
and 
D = F py. (3.16). 


It is evident from (3.14) that a process in an isobaric-isothermal 
system takes place in such a way that the condition 


qd <0 (3.17) 
is met; hence, in equilibrium 
dD = 0. (3.17a) 
Thus, as the system approaches equilibrium its isobaric-isothermal 
potential decreases, becoming minimal in the equilibrium state. 


We have thus stated the equilibrium criteria for simple thermo- 
dynamic systems. 
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3.1.3. When a system performs work other than work of expansion 
(a complex system), the above criteria will be somewhat different. 
For a complex system the combined equation for the first and second 
laws of thermodynamics written in the form (1.24), 


T dS >dU + pdV + dL’, 
where in accordance with (1.7) 
dL* = £ dW, 


yields the following results for the above four cases of a system 
interacting with the surrounding medium: 
(1) Interaction conditions V = const and S = const: 


dU + dL* <0, (3.18) 
i.e. in the equilibrium state 
dU = —dL*; (3.18a) 
(2) Interaction conditions p = const and S = const: 
div + dL? <0, (3.19) 
i.e. in the equilibrium state 
aH = —dL*; (3.19a) 
(3) Interaction conditions V = const and 7 = const: 
dF + dL* <0, (3.20) 
i.e. in the equilibrium state 
dF = —dL*, (3.20a) 
(4) Interaction conditions p = const and T = const: 
d® + dL* <0, (3.21) 
i.e. in the equilibrium state 
dd) = —dL*, (3.21a) 


As for a system that interacts with the surroundings under the 
conditions that U and V are constant, it is clear that when the system 
is complex, these conditions do not yet ensure that it is isolated (for 
this it would also be necessary to have W constant). We see that in 
this case, as is evident from Eq. (1.24), 


T dS > dL*, (3.22) 
or, which is the same, 


daS >$ dW, (3.23) 
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i.e. in the equilibrium state 


dS = 


nfe 


aW. (3.24) 


The quantities U, H, F, and ® are known as characteristic functions. 

It is important to note that the functions /’ and @ are formed from 
state functions S, U, and H and, hence, are state functions, too. 
Therefore, all four characteristic functions are state functions and, 
hence, their differentials are total. 

We can see from Eqs. (3.18a), (3.19a), (8.20a), and (3.21a) that 
the work a complex system can perform under given conditions of 
coupling with the surrounding medium (after we have subtracted the 
work of expansion!) is equal to the decrease in the corresponding 
characteristic function. This is why, by a well-known analogy with 
mechanics, the characteristic functions U, H, F, and @ are called 
thermodynamic potentials. 

3.1.4. Characteristic functions have the following important pro- 
perty: if a characteristic function is known in terms of the corre- 
sponding variables (different for each characteristic function), it can 
be used to calculate any thermodynamic quantity. This is easily 
verified. 

(1) From Eq. (1.22) written in the form 


dU = T dS — p dV (3.25) 


and combined with Eq. (2.63), we see that 


(FT (3.26) 
and 
(= ean 


Thus, if the function U is expressed in terms of the variables V 
and S, differentiating U with respect to one of these variables, pro- 
vided that the other variable is kept constant, enables us to deter- 
mine the values of p and T. As a result the values of U, V, S, p, and 
T are known, and we can easily calculate H, F, and @. 

(2) Taking (3.4) and (1.14) into account, we can write Eq. (3.25) 
in the form 


dH = T dS + V ap; (3.28) 


1 In accordance with (1.6), 
dL* = dL — p dY, 


which is why L* is sometimes called the net work. 
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whence it follows that? 
OH 
(4x) ,=7 (3.29) 
and 
_{ OH 
(<—)=v- (3.30) 


Thus, if the function JJ is expressed in terms of the variables p 
and S, differentiating ZI with respect to one of these variables, pro- 
vided that the other variable is kept constant, we can determine T 
and V. Whence we know the values of H, V, S, p, and T and can 
easily calculate U, F, and ®. 

(3) If we use (3.7) to replace T dS in Eq. (3.25) and take into 
account (3.9), we find that 


dF = —S dT — pdv. (3.31) 
It is evident from this relation that 
OF 
($l, =s (3.32) 
and 
OF 
(rmi (3.33) 


Thus, if the function F is expressed in terms of the variables V 
and T, differentiating F with respect to one of these variables, pro- 
vided that the other variable is kept constant, we can determine S 
and p. Whence we know the values of F, S, p, V, and T and can 
calculate U, H, and @. 

(4) Finally, using (3.9) and (3.15), we find from (3.28) that 


d® = —S dT + V dp. (3.34) 


Whence it is clear that 


($>),= =G (3.35) 
and 
(=), =": (3.36) 


Thus, if the function @ is expressed in terms of the variables p 
and T, then differentiating Ð with respect to one of these variables, 
provided that the other variable is kept constant, we can determine S 


2 The reader must bear in mind that any function formed by a simple algebra- 
ic combination of state functions is itself a state function and, therefore, its 
differential is total. 
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and V. Whence we know the values of P, S, p, V, and T and can. 


calculate U, H, and F. 


3.1.5. Characteristic functions are additive quantities. Conse- 
quently, the values of characteristic functions for an entire thermo- 
dynamic system can be represented as a product of a specific (per unit. 
mass) characteristic function by the mass of substance in the system: 


Internal energy 


U = uG. 
Enthalpy 
H = hG, 
where 
h = u + pv. 
Isochoric-isothermal potential 
F = fG, 
where 
j = u — Ts. 
Isobaric-isothermal potential 
P = ¢G, 
where 


pọ = u + pv — Ts, 
or, which is the same, 
¢ = h — Ts 
and 
p= f+ pv. 


(3.37) 
(3.38) 
(3.39) 
(3.40) 


(3.41) 


(3.42) 
(3.43) 


(3.44) 


(3.45) 


It is clear of course that if the amount of substance in the system 
is fixed (G = const), the relations (3.25)-(3.27) can be represented 


in the following form: 
du=T ds— pdv, 


(7 


ðu i 
aN FRC H 
the relations (3.28)-(3.30) in the form 
dh = T ds + v dp, 


(ahan 


(>=) ata 
Op}, ’ 


(3.25a) 
(3.26a) 


(3.27a): 


(3.28 a) 
(3. 29a). 


(3.30a): 
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the relations (3.31)-(3.33) in the form 


df = —s dT — p dv, (3.31a) 
ð x 
(3), = a (3.32a) 
1 of 
(+),= — p; (3.33a) 
aud the relations (3.34)-(3.36) in the form 
dy = —s dT + vdp, (3.34a) 
0 x 
(7) = — s, (3.35a) 
êp 
(S) =o (3.36a) 


3.1.6. Let us now consider the equilibrium criteria for systems 
in other conditions of interaction with the surroundings; namely, 
when in addition to the conditions enumerated above the values of 
generalized force € or generalized coordinate W, which characterize 
the given type of work, remain coustant. 

As for an isolated system (U, V, and W constant), according to 
the second law of thermodynamics the equilibrium criterion, as noted 
above, states that the system’s entropy must be maximal; this is 
evident, in particular, from the combined equation of the first and 
second laws of thermodynamics for a complex system written in the 
form (1.25): 


TdS>dU+pdV +éaw. 


If we turn to systems that interact with the surrounding medium, 
we discover that the following types of interaction are of interest: 
V, S, and W are constant; p, S, and Ẹ are constant; V, T, and W 
are constant; and p, T, and € are constant. 

To find the equilibrium criteria for such systems we will use the 
method employed above. 

(1) Interaction conditions V, S. and W constant. If we write 
Eq. (1.25) in the form 


dU < T dS — p aV — Ẹ aW, (3.46) 


we can see tliat the evolution of a system, in which dV = 0, dS = 0, 
and dW = 0, is determined by the condition 


du <0; (3.47) 
hence in equilibrium 


dU = 0. (3.47a) 
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Thus the criterion for equilibrium for a complex system, in which 
V, S, and W are constant, is the same as for a simple system with V 
and S constant (see Eqs. (3.3) and (3.3a)). 

(2) Interaction conditions p, S, and Ẹ constant. The product € dW 
in Eq. (1.25) can be represented via the Legendre transformation 
(2.89) as 


£ dW = d (EW) — W dẸ (3.48) 


Combining this relation with (1.14) and (3.4), we can transform 
Eq. (1.25) to 


d (H + EW) < TdS+Vdp+ Wat. (3.49) 

From (1.14) and (1.15) it is evident that 
H + EW = H*; (3.50) 

using this relation, we can write (3.49) as 
dH* <T dS + V dp + Wed. (3.51) 


We can see that in a complex system in which dp = 0, dS = 0, 
and d = 0 the evolution is determined by the condition 


dH* < 0; (3.52) 
hence in the equilibrium state 
dH* = 0. (3.52a) 


The reader will recall that the quantity H* is the enthalpy of a 
complex system; it is related to the enthalpy H by Eq. (8.50), and 
in accordance with (1.15) 


H* =U+ pV + EW. 


Thus, the equilibrium criterion for the complex system under 
consideration is the same as for the simple system in which p and S 
are constant (see Eqs. (3.6) and (3.6a)), the difference being that the 
quantity H* in Eqs. (3.52) and (3.52a) differs from the usual en- 
thalpy H. 

(3) Interaction conditions V, T, and W constant. If we use Eqs. 
(3.7) and (3.9), we can write (1.25) as 


dF < —S dT — p dV — Edw. (3.53) 
It follows that in a complex system in which dV = 0, dT = 0, and 
dW = 0 the evolution is determined by the condition 
dF <= 0, (3.54) 
i.e. in equilibrium 
dF =Q. (3.54a) 
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Thus, the equilibrium criterion for this complex system is the 
same as for a simple isochoric-isothermal system (see Eqs. (3.11) and 
(3.11a)). 

(4) Interaction conditions p, T, and Ẹ constant. Considering (3.4), 
(3.7), (3.18), and (3.48), we can transform Fq. (4.25) to 


d (D + EW) <—SdT+Vdp+Wedkt. (3.55) 


We introduce the notation 
pt = P + EW. (3.56) 
Then (3.55) becomes 
dt < —SdT + Vdp + W dé. (3.57) 


Whence it follows that in a system in which dp = 0, dT = 0, 
and d = Q all processes occur in such a way that 
d®M* < 0, (3.58), 
i.e. in equilibrium 
dD* = 0. (3.58a) 
The quantity ®* can be regarded as the isobaric-isothermal poten- 
tial for a complex system. This quantity is related to the common 


isobaric-isothermal potential via Eq. (3.56). 
From (3.13), (3.15), (3.16), (8.50), and (3.56) we see that 


* = U+ pV + EW— TS, (3.59) 
p* = H* — TS, (3.60) 

and 
@m* = F + pV + EW. (3.61) 


In this form the equilibrium criterion for a complex system is 
similar to that for a simple system (see Eqs. (38.17) and (3.17a)), the 
difference being that Eqs. (3.58) and (3.58a) contain @* instead of 
tle usual isobaric-isothermal potential @. 

These are the criteria of equilibrium for thermodynamic systems 
that perform other work besides work of expansion and whose con 
ditions of interaction with the surroundings are such that, in addi- 
tion to the usual interaction conditions, either — or W is kept con- 
stant. 

3.1.7. In conclusion let us consider relationships similar to Eqs. 
(3.25) through (3.45) for the case af a complex thermodynamic system. 
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(1) From Eq. (1.30) written in the form 


dU = T dS — p dv — E dW, (3.62) 
we have 
ô 
am w Pi (3.68) 
ðU 
(Sr Je. w7 TP (3.64) 
and 
ðU s 
(ar s.r =Ë (3.65) 


If the amount of substance in the system remains unchanged 
(G = const), we can write the same relations for specific quantities: 


du =T ds — pdv—§duw, (3.62a) 
COR 8 
(F) —p, (3.64a) 
and 
(Be 6.059 


(2) Combining (3.4), (3.48), and (3.50), we can transform Eq. (3.62) 
to 








dH* = T dS + V dp + W dé. (3.66) 
Whence it is evident that 
oH* 
(2 ),, „5T, (3.67) 
ðH * 
( 7 J =, (3.68) 
aH* E 
(4). „=W. (3.69) 
For the specific quantities the relations are as follows: 
dh* = T ds + v dp + w d$, (3.66a) 
Smee: (3.67a) 
Os P, gE : i 
h* 
(=), „=v, (3.68a) 


and 
(E) —w,. (3.69a) 
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Here, obviously, 


h* = h + w, ' (3.50a) 
or 
h* = u + pv + tw (3.53a) 
and 
H* = h*G. (3.38a) 


(3) I£ we substitute the quantity T dS in Eq. (3.62) by applying 
(3.7) and bear in mind (3.9), we find that 


dF = —S dT — p dV — Edw, (3.70) 


which implies that 


oF 
(SF )v, gone eo) 
OF = 
lorie wo? ele) 
and 
oF = 
(Gris v —$ (3-73) 
The relations for specific quantities are written in similar form: 
df = —s dT — p dv — §Ẹ dw, (3.70a) 
G z 
($), =s; (3. 74a) 
ð = 
(rna (tes) 
and 
Of = - 
(ra= =$ (3.128) 


(4) Finally, substituting in (3.66) the quantity T dS with the help 
of (3.7) and bearing in mind (3.60), we get 








d®* = —S dT + Vdp + Wed, (3.74) 
whence 
om* 5 
( a" Ve = — S, (3.75) 
aD* < 3.76 
( op A aov ( ) 
and 





( = 2 „=W. (3.77) 
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Similar relations for specific quantities have the following form: 











dq* = —sdT + vdp + w dé, (3.74a) 
og* Sa z. 
(Ss J= mi (3.75a) 
og* 2. 2 
( 1 Jp =m (3-76a) 
and 
0 * 
( a Jr pat (3-77a) 
From (3.56) and (3.59) through (3.61) it is clear that 
ot = p+ Ew, (3.56a) 
or, which is the same, 
g* = u + pr + bw — Ts, (3.59a) 
ç* = h* — Ts, (3.60a) 
and 
ọ* = f + pv + ew. (3.61a) 


It is also clear that 
(D* = p*G. (3.42a) 


3.2 The Chemical Potential 


3.2.1. The chemical potential is one of the most important thermo- 
dynamic functions. 

The chemical potential of a substance is its mass specific isobaric- 
isothermal potential. For simple systems it is defined by relation 


(3.43) 
p = u + pv — Ts, 


while for complex systems by (3.59a) 





p* = u + pv + tw — Ts. 


The chemical potential occupies a special position with respect 
to other mass specific thermodynamic potentials, such as the internal 
energy u, enthalpy h (or h*), and isochoric-isothermal potential f. 
The explanation is as follows. 

3.2.2. When we considered the equilibrium criteria for thermody- 
namic systems that interact with the surrounding medium, we tacitly 
assumed that the amount of substance G in the system does not 
change. However, in a number of problems it is necessary to estab- 
lish how the thermodynamic potentials of the system change when 
a certain amount of substance is taken from or added to the system. 
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(Naturally, the substance added must have the same state para- 
meters as the main substance.) Hence we must find the quantities: 
(a) simple systems 
ou ; / ôH \ 
oy G 7 25 
( aa Jens for systems with V and S constant, ( va p, g for systems 
with p and S constant, (3), ior systems with V and 7 constant, 
(3), 7 for systems with p and T constant, 
(b) complex systems 


(=) for systems wilh V, S, and W constant, ( 
| 0G jv, 5, W : 
OF 


systems with p, S, and € constant, tae T,W 
om* 


V, T, and W constant, (=) . for systems with p, T, and ¢& 
ôG P.T,g 


5) 
OG /p,S,& 


for systems with 


for 


constant. 
3.2.3. Often we encounter a rather widespread fallacy. The relations 
for simple systems given above, namely 


U = uG, (3.37) 
H = hG, (3.38) 
F = fG, (3.40) 
D = qG, (3.42) 


and the equivalent relations for complex systems yield, it may appear 
at first glance, the trivial conclusion that (3U/ôG}y,s is equal to u, 
(0H/0G),,3 toh, (OF /0G)y, r to f, and so on. This conclusion is wrong. 
Consider, for example, the derivative (0U/0G),- 5. If the derivative 
0U/dG were computed under the condition that the state parameters 
were constant (say, s and v were constant), the specific internal 
energy u would also be constant and from (3.37) it would follow that 


(=). =u. (3.43) 


However, the point is that (0U/0G) s, is computed provided that the 
values of entropy and volume of the entire system are constant 
(S and V are constant), whereas from the elementary relations of 
additivity of entropy 


S=sG (3.78) 


and volume 
V = vG (3.79) 


it is clear that, if S and V are constant and G varies, the values of the 
specific quantities s and v (and, naturally, all other state parameters 
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of the system) also vary, and so does the value of u. It is obvious 
then that 
ðU \ ôU 
a eee (e 
The reader must clearly realize the fundamental difference between 
these derivatives. The following quantities differ in the same way: 
(0H/0G),, s and (3H/ôG)p, s = h, and (0F/0G)y,7 and (OF /0G),, r =f. 
3.2.4. Now let us compute the derivatives of the thermodynamic 
quantities listed in Sec. 3.2.1. 
(1) The derivative (0U/OG);, s. It is evident that (see (3.37)) 


Cane Cet) 
whence 
Can saute E h, s’ (72a) 
Further, in accordance with (2.71) we can write 
COOR om 


In a similar manner we can write for the quantity (ôu/ôG)y,s in 
Eq. (3.83) the following: 


(SE). =) +(e (Bde. By (3.84) 


hence, (3.83) can be represented in the following form: 


(sa). =h. o (Ble. (=), SF (Fy. G (hr. s’ 


(3.85) 


Let us consider the partial derivatives on the right-hand side of 
this relation. 

First, since it is obvious that if v and s are constant, i.e. thermo- 
dynamic parameters of the system remain unchanged, by virtue of 
this u = const; consequently, 


(E). =o (3.86) 


Second, the fact that the quantity G is kept constant in the process 
of differentiation is not necessarily applied to specific quantities; 
hence it is understood that (du/dv)¢,, is simply the derivative 
(du/dv),. Therefore, taking into account (3.27a), we find that 


(=). = — p. (3.87) 


gv 


4—0427 
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Third, since, as it is clear from (3.79), 


UE AG: (3.79a) 
we see that 
Ov \ V N 
A s @? (3.88) 
or, which is the same, 
Ov v 
(ala T (3.89) 


Fourth, if in the process of differentiation V and G remain constant, 
then v is constant and, if we bear in mind (3.26a), the derivative 
(du/ds)y,q can be written thus: 


0 
Cae Sr (3.90) 
Last, since from (3.78) it is evident that 
s = S/G, (3.78a) 
we See that 
a S 
(sr). soe (3.91) 
or, which is the same, 
Os s 
ela (3.92) 


Substituting (3.86), (3.87), (3.89), (3.90), and (3.92) into (3.85), 
we obtain 





ðu __ Ppv—Ts 
(ola a (3.98) 
Combining this with (3.82), we find that 
ôU 
(Sa)y s mut mets (3.94) 
or, bearing in mind (3.43), 
6U 
Cae gore (3-95) 
(2) The derivative (0H/0G),,s. From (3.38) it is clear that 
OH ohG 
(z),, s=(),.6 (3.96) 
and, hence, 
all r= Oh 
(a)r s =+ (T), s (3.97) 
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In accordance with (2.71) we write 


(Z) =) tE) olde), s° (3.98) 
which implies that 
(Z) = 22) 


In fact, if the state parameters of the system remain unchanged 
(p and s are constant), h cannot vary either. 
It is obvious (see (3.29a)) that 


($) eon 
while if we bear in mind (3.78a) 
s = S/G, 
we obtain 
(+), a= as (3.101) 
or, which is the same, 
(5). = -= : (3.102) 
Substituting (3.99), (3.100), and (3.102) into (3.98), we get 
(),. =- (3.103) 
Therefore, Eq. (3.97) can be written in the form 
==), =h Ts, (3.104) 
whence it is clear (see (3.44)) that 
(<5), =? (3.405) 
(3) The derivative (0F/0G)r, r. From (3.40) it is evident that 
(Fe Ny, a lo ea) 
or, which is the same, 
(Fr), = IE (Se har ea? 
If we use (2.74), we find that 
(a halala aalala 0 


4t 
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If v and T are constant, then f is constant too. Hence, 


(2 = 3.109 
( ðG ), a ( ) 
From (3.33a) it is clear that 
ôf = 
ale P es) 
while from (38.79a) 
v = V/G 
it is clear that 
ðv = y 
(a l= (3.111) 
or 
Ov oy a V 
Cae ro G° oe 
Combining (3.109), (3.110), and (3.112), we find from (3.108) that 
of __ pv 
(aha te: Coe) 
If we substitute this value into (3.107), we obtain 
OF 
eae i (3.114) 
or, using (3.45), 
OF z 
(Sly c=? (3.115) 


(4) The derivative (0@/0G),,,7. This is computed very simply. 
Indeed, from (3.42) it is clear that 


(Emtee e 


But since at p = constant and T = constant ọ is also constant, 
naturally 


oP = = 
(3), r=? (3.117) 
and, hence, 
am 
(56 la t Cas) 


3.2.5. Thus, we have arrived at a somewhat unexpected conclusion 
that for systems in which V and S are constant, p and S are constant, 
V and T are constant, or p and T are constant the derivative of the 
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corresponding characteristic function with respect to the amount of 
substance in the system is equal to q, i.e. 


(sey. s=(%)». Hele (Fe), oe 
(3.119) 


It is easy to show that for the corresponding complex systems we 
have similar relationships: 


(Sys w= (5) p. s, =(H h T, v=), T, rp 
(3.120) 


where ọ* is defined in (3.59a). 

Thus, the quantity @ (or ọ* for complex systems) has a remark- 
able property: it enables us to compute the variation of a character- 
istic function of any system when the amount of a substance in the 
system is varied; for this reason this quantity has been termed the 
chemical potential. 

3.2.6. It is appropriate to note that the question of the chemical 
potential is usually presented in thermodynamics courses in such 
a concise form that the reader often does not understand why this 
seemingly ordinary thermodynamic function, the specific isobaric- 
isothermal potential, occupies a special place as compared to other 
specific characteristic functions. We may often come across gross 
errors in both presenting these questions and using this quantity in 
computations. The reason for this, in our opinion, is also the fact 
that when employing the traditional method of deriving relations 
(3.120), the mathematical and physical sense of the operations per- 
formed is concealed. Let us consider, for example, how the quantity 
(0U/dG)y,s is calculated in thermodynamics. 

From (3.37) 

U = uG 
it follows that 
dU = G du + u dG; (3.121) 


since in accordance with (3.25a) 
du = T ds — p dv, 
Eq. (3.80) can be transformed to 


dU = TG ds — pG dv + u dG. (3.122) 
Using Legendre transformations 
G ds = d (Gs) — s dG (3.123) 


and 


G dv = d (Gv) = v dG (3.124) 


54 The Differential Equations of Thermodynamics 
und combining (3.78) with (3.79), from (3.122) we find that 
dU = (u + pv — Ts) dG + T dS — pdv. (3.125) 


Since in the system under consideration S and V are constant, 
taking into account (3.43) we obtain for the given system 


dU = ọ dG (3.126) 
and whence 
au n. 
(se )s. ye 


The method of deriving relations (3.120) given above, Sec. 3.2.4, 
appears to have certain advantages as compared to the method con- 
sidered here. 

3.2.7. One more remark is in order. As noted earlier (see Sec. 3.1.1), 
the quantity that characterizes the equilibrium state of an isolated 
system is entropy (in the equilibrium state entropy is maximal). 
Entropy is not a thermodynamic potential. It is interesting to note, 
however, that the derivative of the entropy of an isolated system 
with respect to G is closely related to the chemical potential. Indeed, 
(3.78) yields 


(Smet e( Say Baan 
Using (2.71), we find that 
(5) elelr (Fev (Salo. v (3.128) 
and, in its turn, 
(h= (ze). HE (Shee (3.129) 


These relations yield 


(hor (aot (E) o Bayt (ae. v (Eor 
(3.130) 


Next, since (a) 


(3), =0, (3.131) 


(b) it is obvious from (1.27a) that 
( Os ) — P oe) 
u, G 


‘Ov T? 
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(c) according to (3.26) 


ðs 1 
(FS) y= (3.133) 
and from (3.37) and (3.79) it follows, respectively, that (d) 
Ou u 
lekar =s (3.134) 
and (e) 
Ov v 
(Z) r= T. (3.135) 
from (3.130) we obtain 
Os = u-+ pv 
lew = ae (3.136) 
If we substitute (3.136) into (3.127), we find that 
os a u+ pv—Ts 
(apna a (3.137) 
or, using (3.143), 
as = 9 
Gan yor are (3.138) 


Obviously, this relation refers to a simple isolated system (U and V 
constant). A similar relation can be obtained for a complex isolated 
system (U, V, and W constant): 


(ry, v,w —=. (3.139) 


We also see that in the case where the amount of substance in the 
system changes (i.e. when one more variable appears characterizing 
the state of the system, the amount of a substance in the system G), 
the expression for the total differential of the entropy of a simple 
system can be written in the following form: 


os os Os 
= (ary, oe (So, reel Cae goa AAO) 
Then, from (3.26) it is clear that 
as 1 
(a7 ye" Ti (3.141) 


and from (1.27) it follows that 


(re. ss (3.142) 
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Combining these relations with (3.139), we find from (3.140) that 


ee: P @ 
dS = > dU + = dV — -~ dG, (3.148) 
or 
T daS = dU + pdV — ọ dG. (3.144) 
In a similar manner for a complex system we obtain 
T dS = dU + pdaV + Ẹ£daW — g* dG. (3.145) 


For simple and complex systems, respectively, relations (3.142) 
and (3.143) represent the combined equation of the first and second 
laws of thermodynamics for systems with variable amount of sub- 
stance.? Both are sometimes called the fundamental equation of 
Gibbs. 

3.2.8. From (3.119) and (3.120) it is clear that the total differentials 
of the characteristic functions expressed through “their” variables 
(for the case when the amount of substance in the system changes) 
have the following form for simple systems: 


dU = T daS — pdV + ọ dG, (3.146) 
dH = T daS + V dp + ọ dG, (3.147) 
dF = —S dT — pdV + ọ dG, (3.148) 
dap = —S dT + V dp + odG (3.149) 
and, respectively, for complex systems: 
dU =T dS—pdV—EdW + ọ* dG, (3.150) 
dH* =T daS +V dp+W dẸ -+ ọ* aG, (3.194) 
dF = —SdT—pdV—tEdW+ ọ* dG, (3.152) 
d®* = —SdT+Vdp+Wd§- g* dG. (3.153) 
3.2.9. Employing Legendre transformations (3.7), (3.4), and 

oe dG = d (9G) — G dọ (3.154) 

and assuming that in accordance with (3.42) 

p = qG, 


we can transform Eq. (3.144) to 
d (TS) —SdT = dU +d (pV) —Vdp—d®+Gdg, (3.155) 
or, which is the same, 


SdT — V dp + Gdọ +da (U + pV — TS) — db = 0. (3.156) 


3 We note that it is not obligatory to use the mass of a substance as a variable 
characterizing the amount of a substance in the system. In chemical thermo- 
dynamics a number of moles is usually used as such a variable. 
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From this and (3.13) it is obvious that 
SdT — V dp + G dọ = 0. (3.157) 


This important thermodynamic relation is called the Gibbs- 
Duhem equation and is widely used in chemical thermodynamics. 

In the same way we can easily obtain the Gibbs-Duhem equation 
for complex thermodynamic systems: 





S dT — V dp — W dẸ + G dọ* = 0. (3.158) 
3.2.10. We note that the relations obtained above, namely 

ðu _ pr—Ts 

lelu (3.93) 
ak T 
(= Is = oe (3.103) 
of 

(2) a= 3 613) 
Os = u- pu aN, 
ales ae ee (2130) 


and their analogs for complex systems are, obviously, interesting in 
themselves: they show how the specific values of characteristic 
functions (and entropy) vary with the amount of substance in the 
corresponding thermodynamic systems. 


3.3 The Massieu-Planck Functions 


3.3.4. At one time it was suggested that characteristic functions 
other than U, H, F, and ® should be introduced. But in thermody- 
namic calculations these functions are not used (for reasons considered 
below; see Sec. 3.3.7). Nevertheless, we find it expedient, from the 
pedagogical point of view to discuss these functions at least briefly. 

3.3.2. It is easy to see that the method of introducing characteristic 
functions discussed in Sec. 3.1 was the same: we applied Legendre 
transformations (3.4), (3.7), and (3.48) to the combined equation of 
the first and second laws of thermodynamics written in form (1.27) 

r (1.30) (for simple or complex systems, respectively). 

Somewhat different characteristic functions, usually called the 
Massieu-Planck functions, can be obtained if we apply the Legendre 
transformation to Eq. (41.27) in the following form: 


1 7 
dS => dU +4 dv. (3.159) 


Let us consider this relation. 
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(1) For a simple system in which U and V are constant (isolated 
system) there follows from (3.159) the well-known equilibrium con- 
dition (3.1a) 


dS = 0. 
Whence 
(5), =F (3.160) 
and 
(t. (3.161) 


Entropy is a characteristic function if expressed in terms of U 
and V, i.e. by finding the derivative of S with respect to one of these 
variables and keeping the other constant we can find the values of T 
and p and, as a result, the values of S, p, V, T, and U. (The reader 
must bear in mind that entropy is not a thermodynamic potential.) 

It is easy to see that if we combine Eq. (3.4) with (1.14) and 
(3.159), we find that 


1 V 
dS = — dH — > dp. (3.162) 
Hence it is clear that condition (3.1a) 
dS = 0 


will also be an equilibrium for such simple systems in which H and 
p are constant. 
From (3.162) it follows that 


($) =+ (3.163) 
and 
(2E) (3.164) 
Hence, entropy is a characteristic function if expressed in terms of 
H and p. 


Note that since entropy is a characteristic function of variables U 
and V and variables H and p, it belongs to the group of Massieu- 


Planck functions. 
(2) In accordance with (2.89) we may write 


7 W=d(7)-Ual(z), (3.165) 
which transforms (3.159) to 


d(S—7)=—Uua(+)+Hav. (3.166) 
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Hence, for a simple isochoric-isothermal system (V and T constant) 
in equilibrium, 


d (S — U/T) = 0. (3.167) 
We introduce the notation 
F = S — UIT. (3.168) 
If we bear in mind (3.9), we find that 
F = —FIT. (3.169) 


For an isochoric-isothermal system the function F plays the same 


role as the isochoric-isothermal potential F. The function F is some- 
times called the Massieu function. From (3.166) and (3.168) it 
follows that 


(=) =U (3.170) 
Oras). 
and 
aF P 
(57 ker Ce) 


It is then clear that F is a characteristic function if expressed in 
terms of variables V and 1/T. 
(3) Next, in accordance with (2.89) we can write 


fav=d(4)—va(4). (3.172) 
which transforms (3.166) to 
1(s—$-M)——va(t)—va(B). en 


It is clear that for simple isobaric-isothermal systems (p and T 
constant) in equilibrium, 


U PY\ 
a(S -7 F )=0. (3.174) 
Let us introduce the notation 
te U pV 
D=S-7 T: (3.175) 


4 F. Massieu was the first (1865) to apply the Legendre transformation to 
thermodynamic equations; he was also the first to formulate the relations known 
at present as the Gibbs-Helmholtz equations (see Sec. 5.2 
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Equation (3.13) yields 
Õ = —O/T. (3.176) 
It is obvious that for an isobaric-isothermal system the function D 
plays the same role as the usual isobaric-isothermal potential. The 


function @ is often called the Planck function. 
From (3.173) and (3.176) it follows that 


=) E (3.177) 
OF p/T 
and 
(=) Ser (3.178) 
a 1/T 


We see that the Planck function is a characteristic function if 
expressed in terms of p/T and 1/T. 
Since, naturally, 


d(£)=7¢p+pa(s), (3.179) 


Eq. (3.173) in accordance with (3.176) can be written in the following 
form: 


ab = —Ud(+)—dp—pva(+). (3.180) 
Bearing in mind (1.14), we obtain 
d@= —Ha(+)—Tap. (3.181) 
From this it follows that 
(2) Ssi (3.182) 
OF s 
and 
am 7” vV , 
(yr: (3. 183) 


Therefore, the Planck function is a characteristic function if ex- 
pressed in terms of p and 1/T. 
(4) Finally, if we substitute (3.172) into (3.159), we get 


d ( —4-)=pw—va(Z), (3.184) 
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From this it is clear that for a simple thermodynamic system in which 
U and p/T are constant, in a state of equilibrium, 





pV £ 
d(s—+-)=0. (3.185) 
Let us introduce the notation 
= pV 
[=S—-, (3.186) 
or, which is the same, 
poe, (3.186a) 
From (3.13) it follows that 
I=- (3.187) 
As we can see from (3.184), 
ol 1 
(T)ar =T (3.789) 
and 
(52) SEN, (3.189) 
Tj 


Therefore, J is a characteristic function if expressed in terms of U 
and p/T. Indeed, if we find the value of T with the help of (3.188) 
and know p/T, we can find p; if then we find V with the help of 
(3.189) and knowing p and T, we can find S from (3.186); etc. 

We should like to stress, however, that the function J is of purely 
pedagogical interest. It has no practical application due to the 
complex conditions in which the system must couple with the sur- 
roundings (besides U being constant, the condition p/T = const 
must be fulfilled, too). 

3.3.3. Let us introduce the notion of the specific values of the 
Massieu-Planck functions: 


j=4, (3.190) 
=>) (3.191) 
and 
I 
i=7. (3.192) 
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lf we combine these relations with (3.168), (3.175), and (3.186), 
we find that i 


J=s—ulT, (3.193) 
p =s — polT, (3.194) 
i = s — pu/T. (3.195) 
Further, from (3.190), (3.169), and (3.40) it is clear that 
J==fT, (3.196) 
and from (3.191), (3.176), and (3.42) that 
p= —ọ/T. (3.497) 


Obviously, if the amount of substance in the system remains un- 
changed (G = const), (3.160) and (3.161) can be represented in the 
following form: 


(=) =+ (3.160a) 
and 
(=) =4 (3.16 1a) 


(see relations (3.133) and (38.132)); relations (3.166), (3.170), and 
(3.171) can be represented in the form 


Pad 1 
df= —ud (+] + dy, (3.166a) 
(=) Siy, (3.170a) 
OF ; 
af P, 
(3) =F (SU 
relations (3.172), (3.177), and (3.178) in the form 
TTE F 
dp = —ud (—) —vd (+), (3.172a) 
(a) A (3.177a) 
ô— 
T /pIT 
o 


| 


(2 


spo 


Sci (3.178a) 
1/T 
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and relations (3.184), (3.188), and (3.489) in the form 


di= p du—vd (È), (3.184a) 
ĝi 1 
(Sr) oor (3.188a) 
Gz) Zp, (3.189a} 
aL 
Tfu 


3.3.4. If we use a method analogous to that applied in Sec. 3.2, 
we can easily show that 


A v` Ear Ta (e lam, 1/T ear m en) 


We will recall that we have already obtained relation (3.138) 


(=) a A 
ðG juv 7? 
which, together with (3.197) 

P= —z, 


is equivalent to (3.198). We are not surprised, naturally, that varia- 
tion of these characteristic functions with the amount of substance 
in the system is related to the value of the chemical potential ọ. 

3.3.0. If we consider (3.198), we find that the total differentials 
of these characteristic functions, expressed in terms of their “own” 
variables, for the case where the amount of substance in the system 
varies, have the following form: 


1 P ~ 
dS=>dU+2dV+94dG (3.199). 


(this relation is, obviously, equivalent to (3.143)), 


df = —Ud (+)+2av+oa6, (3.200) 
ab = —Ud (+)—Va(4)+9a¢, (3.201) 
dI = dU — va (2) +046. (3.202) 


1 , 141 
a (2 )=- dp +piF > (3.203) 
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Eq. (3.201) combined with (1.14) can also be represented in the fol- 
lowing form: 


ab = —Hd(+)—p apt ode. (3.204) 


3.3.6. We introduce the Planck function and the function J for 
complex thermodynamic systems along the same lines. Let .us write 
Eq. (1.30) in the form 


1 3 
dS =- dU +- dV + aw, (3.205) 


and consider how this equation can be transformed for four types of 
conditions of interaction of a complex system with the surrounding 
medium, the conditions discussed in Sec. 3.3.2 for a simple system. 
(1) For a complex system with U, V, and W constant (an isolated 
system), it is obvious from (3.205) that condition (3.4a) is valid 
just as for a simple isolated system. From (3.205) it follows that 


os 1 
Cae w T?’ (3.206) 
as \ Pp 2 
Za aV Juw T?’ (3.207) 
(E)r =F (3.208) 


(2) Bearing in mind (3.165), we can transform Eq. (3.205) to 
U\ 1 Pp g 
d (s—+) š Ua (7) +fav+ dW, (3.209) 
or, bearing in mind (3.168), 
F 1 p 9 
dF =: —Ud (+) +fav+zaw. (3.210) 
Hence, it is clear that for a complex system with 1/7, V, and W 
constant in the equilibrium state 


dF = 0. (3.241) 


Thus, the expressions for the Massieu function are identical for 
complex and simple systems (3.168)-(3.169) (relations (3.193) and 
(3.196) for mass specific quantities), just as the expressions for the 
isochoric-isothermal potential F, (3.9) and (3.41), are identical 
for simple and complex systems. 
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From (3.210) it also follows that 





aF 
( E D (3.212) 
oF v, W 
aF _ P 
( eV saur w T? (3.213) 
and 
aF at 
(sony =. (3.214) 


(3) In accordance with (2.89) we may write 
EW 


-aw =a (4% )_wa(4). (3.215) 


Using (3.172) and (3.215), we can transform Eq. (3.209) to 


U pv EW) 1 P \ 3 
a(s-p- 7r) —Ud (r) Y(T) -w (+). 
(3.216) 
Let us introduce the notation 
a U pV EW 


From (3.59) it is clear that 
®t = — O*/7. (3.218) 


In terms of specific quantities these relations can be written thus: 


gt ase (3.217a) 
and 
g* = — g*/T. (3.218a) 


Bearing in mind (3.218), we can write (3.216) in the form 
db* = —va(+)—va(4)—wa(4). 8.219 


For a complex system with 1/7, p/T, and &/T constant (i.e., to put 
it simply, T, p, and € are kept constant), in the equilibrium state, 


~m 


db* = 0. (3.220) 
5—0427 


The Differential Equations of Thermodynamics 
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From (3.219) it follows that 
ab* S 
( 1 = —U, (3.221) 
Os 
T ¢ pyr, et 
aw* : 
( * | =—V, (3.222) 
T /1IT,%/T 
and 
( aa) SW: (3.223) 
ô — 
T /1/T, p/T 


G) P we transform Eq. (3.205) by employing (3.172) and 
(3.215), we obtain 


(save $)—wa($). 229 


If we introduce the notation 


Basara (3.225) 


or, which is the same, 


poi rae, (3.225a) 


then from (3.5a) we see that 


: @M*—U 
pai, (3.226) 


In terms of specific quantities these relations are, naturally, of the 
following form: 


=s i e (3.225Þ) 
and 
i=. (3.226a) 


Using the new notation, we can write (3.224) in the following 
form: 


di* =- d—va(#-\—wa (+). (3.227) 


It is clear that for a complex system with U, p/T, and €/T con- 
stant, in the equilibrium state, 


dI* = 0. (3.228) 
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Equation (3.227) implies that 











( = oe ET? (3.229) 
( a ) sN (3.230) 
°F uy, yr 
and 
( as SW (3.231) 
aa U, p/T 


3.3.7. As pointed out above, the functions F and © are not used 
in thermodynamic calculations (except for some problems involving 
irreversible processes). They were the first characteristic functions 
that Massieu introduced into thermodynamics. Planck in his works 


often used the function ©. The modern, so to say, characteristic 
functions (enthalpy and the isochoric-isothermal and isobaric- 
isothermal potentials) came into use considerably later than the 
Massieu-Planck functions. 

The characteristic functions U, H, F, and @® have an important 
advantage over the Massieu-Planck characteristic functions—they 
are thermodynamic potentials. We recall (see Sec. 3.1.3) that for 
a quantity to be a thermodynamic potential the work L* that.a com- 
plex system can perform under given conditions of coupling with 
the surrounding medium is equal to the decrease in the corresponding 
characteristic function (see Eqs. (3.18a) through (3.21a)). The Massieu- 
Planck functions do not possess these properties. This can easily 
be shown. 

From Eq. (1.29) - 
T dS = dU + paV + dL* 


it follows that for a complex system with U and V constant, 


dL* = T as: (3.232) 
Next, we write (1.29) in the following form: 
1 Pp 1 ; a 99% 
dS = p dU + = dV +—4-dL*. (3.233) 


Taking into account (3.165) and (3.168), we transform this equa- 
tion to 


1 P 1 : 
dF = —Ua ( j) + 2 dv+—dL*, (3.234) 

whence for a complex isochoric-isothermal system 
dL* = T dF. (3.235) 


5k 


68 The Differential Equations of Thermodynamics 


In the system under consideration T is constant and, therefore, 
if we use (3.169), we find from (3.235) that 


dL* = — dF. (3.235a) 


This result is obvious a priori, since we are speaking of the same 
isochoric-isothermal system for which we earlier obtained rela- 
tion (3.20a). 

If we combine (3.165) and (3.172), we can transform Eq. o to 


a(s- F) = Ua (i) va (2) +i aL”. (3.236) 
or, with due regard for (3.175), 
ab = —Ud(z)—Va(+) sper aL, (3.237) 


We see that for a complex isobaric-isothermal system, 
dL* = T d®. (3.238) 


Since in this system 7 is kept constant, it is evident from this 
relation and (3.176) that 
adL* = — dQ, (3.238a) 


which is an obvious result for isobaric-isothermal systems (see 


(3.21a)) 
Fally: if we use only A 172) to transform (3.233), we obtain 


a( -2 ) =F Uya (4 ) +7 aL, (3.239) 


i.e. with due regard for ee 
4 Pp 1 
dl == dU —Va (+) + aL*. (3.240) 


Hence, it follows that for a complex system with U and p/T constant, 
daL* = T dI. (3.241) 


From Eqs. (3.232), (3.235), (3.238), and (3.241) which we have 
just derived it can be seen that the work L* is not ‘ene at the expense 
vf the corresponding characteristic function (as it was in the cases of 
the main characteristic functions discussed in Sec. 3.4; see 
Eqs. (3.18a)-(3.21a)). 


Consequently, the Massieu-Planck functions S, F, ®, and I do 
not, indeed, possess the properties of a thermodynamic potential.® 


Se . 

6 The reader must not be misled by relations (3. 235a) and (3.238a): the 
characteristic function for the variables 1/T and V is F and not F, while that 
for the variables 4/T and p/T is ® and not O. 
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We will mention the Massicu-Planck functions once more in 


Sec. 5.2. i 
3.3.8. Concerning the Massieu-Planck functions it is in place to 
make the following remark. 


Equation (3.199) 
1 ~ 
dS = -5 dU+4- dV + g dG, 


combined with Legendre transformations (3.165), (3.172), and 


p dG = d(gG) — Gd f, (3.242) 
and with due regard for (3.191), which states that 
qG = Ô, 
can be written thus: 
U 1 i f pV Pp , ~ ~ 
as=d4 (F) -Ua (4)+a(4-)—Va( 7) +a- eag. 
(3.243) 
Whence, using (3.175), we obtain 
Ud (+)+Vva(4)—Gag=0. (3.244) 


This is simply another way of presenting the Gibbs-Duhem equation 
(3.157) discussed above. 
3.3.9. To conclude the discussion of the Massieu-Planck characteris- 
tic functions we will make one more, purely pedagogical, remark. 
The main characteristic functions U, H, F, and ® were introduced 
by applying Legendre transformations to Eq. (3.25) 


dU = T dS — p dV 


for four variables: V and S, p and S, V and T, and p and T. For 
obvious reasons there is no point in discussing two more possible 
pairs, V and p, and T and S. 

The method of introducing the Massieu-Planck functions was, 
generally, the same--we applied Legendre transformations to 
Eq. (3.159) 


dS =- dU — -F dV 


for four pairs of variables: V and U, p/T and U, V and 1/T, and p/T 
and 1/7. There is no point in discussing pairs V and p/T, and 1/T 
and U. (Sometimes in thermodynamics courses Eq. (3.25) is called 
the combined equation of the first and second laws of thermodynamics 
in terms of energy and Eq. (3.159) the combined equation in 
terms of entropy.) The same classification can be introduced for 
Eqs. (3.62) and (3.205) for complex systems. 


70 The Differential Equations of Thermodynamics 


3.4 The Grand Potential and the Kramers Function 


3.4.1. Let us consider the combined equation of the first and second 
laws of thermodynamics for systems with a variable amount of 
substance (3.144): 


T dS = dU + p dv — dG. 
If to this equation we apply Legendre transformations (3.7) 
T dS = d (TS) — S dT 
and (3.154) 
p dG = d (9G) — G dọ; 


and bear in mind that in accordance with (3.42) 


P — qG, 
we obtain 
d (U — TS — 0) = — S dT — p dV — G dọ. (3.245) 
It is clear that for a simple system with T, V, and ọ constant, 
d(U — TS — D) = 0. (3.246) 
Let us introduce the notation 
T = U — TS — Ò. (3.247) 
If we take (3.9) and (3.13) into account, we have 
r=F—Ọ, (3.248) 
or, which is the same, 
rT = — pl, (3.249) 


The function T is usually called the grand potential. 
By virtue of (3.247) we can write (3.245) as 


d? = —S dT — p dV — G dọ. (3.250) 
It follows then that 


ar 
($F R (= TS (3.254) 
ar 
(Sr nom — p, (3.252) 
and 
ar 


From the above relations it is clear that if the grand potential is 
expressed in terms of V, T, and ọ, it is a characteristic function. 
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Indeed, the values of T and V are given, p is determined from 
(3.252); if @ is known, having found G from (3.253) we can find P 
and by the value of S known from (3.251) and the values of p, V, T, 
and @ we can determine U; and so on. 

3.4.2. The concept of the grand potential for complex systems is 
introduced in a similar manuer. From the combined equation ofthe 
first and second laws of thermodynamics for a complex system with 
a variable amount of substance, (3.145) 


T dS = dU + pdV + dW — ọ* dG, 


using Legendre transformations (3.7) and 


g¢* dG = d (¢*G) — G dg* (3.154a) 
and taking into account (3.42a), we oblain 
dr'* = — S dT — p dV — EdW — Gdg*, (3.254) 
where 
Tt = U — TS — Oo*, (3.255) 
or, which is the same, 
TrT* = F tpt (3.256) 
and 
r* = — pV — W. (3.257) 


From (3.254) it is clear that for a complex system in which T, V, 
W, and ọř are constant, in a state of equilibrium, 


dr* = 0. (3.258) 


The function I'* is the grand potential for a complex system. 
From (3.254) we see that 











(T e, wee =~? (3.259) 

(Sr Jev e= TE (3.260) 

( r j; ie? (3.264) 
and 

aor) a Se (3.262) 


3.4.3. The characteristic function F* has the properties of a ther- 
modynamic potential. Indeed, if we take into account Eq. (1.7) 
we can write (3.145) as , 


T dS = dU + pdV + dL* — o* dG, (3.263) 
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and using (3.7) and (3.154a), we can transform it to 
dr* = — S dT — p dV — G dọ* — dL*. (3.264) 


Hence, it follows that for a complex thermodynamic system in 
which 7, V, and ọ* are constant we have 


dL* = — dI*, (3.265) 


i.e. under given conditions of interaction with the surrounding 
medium a system of this type performs work L* at the expense of 
the characteristic function I*. 

It is interesting to note that while in the case of the common ther- 
modynamic potentials (H and ®), under appropriate conditions of 
coupling with the surroundings a complex system performs work at 
the expense of the corresponding potential of a simple system: 
dL* = — dH and dL* = — d®@ (this is seen from Eqs. (3.19a) and 
(3.21a), in the given case the work L* is performed at the expense 
not of the “simple” grand potential but of the complex grand poten- 
tial [*. This is not surprising since in Sec. 3.1.3 for a complex sys- 
tem with a constant amount of substance we used Eq. (1.29), while 
here we use Eq. (3.145) containing besides L* the quantity o*, due 
to which in (3.264) and (3.265) there appears I'* instead of T. At the 
same time it is obvious from (3.157) that T is not a thermodynamic 
potential (since for the complex system under consideration dL* 34 
Æ dI). 

3.4.4. The grand potential is widely used in statistical thermody- 
namics for calculating the grand canonical ensemble. In classical 
thermodynamics the grand potential is not used. 

3.4.5. If we write Eq. a 144) in the form 


dS = T dU se E aV + dG (3.266) 


and employ Legendre transformations (3.16 


5) 
tawa (£) -va (4), 


and 
g = qG 
f dG=d (+ )- Ga(+ =), (3.267) 
then, using (3.42), we can write (3.266) in the following form: 
d (S-=++-)=—ud(~)+fav+ea(+). (3.268) 


It is clear that for a simple system in which 7, V, and ọ/T are con- 
stant (and since T is constant, p is constant, $00), 


d (s-=-++)=0. (3.269) 
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We introduce the notation 
~ U, © 
r=S—++5. (3.270) 


If we combine (3.247) and this relation, we see that 
f= — T/T. (3.271) 


The quantity Î is usually called the Kramers function. 
Bearing in mind (3.270), we can write Eq. (3.268) in the fol- 
lowing form: 


Ph 1 P ? 
dt =—Ud(+)+4-av+ea(4), (3.272) 
or, using (3.197), 
dl = —Ud (+) +4 aV—Gag. (3.273) 
From (3.272) it is evident that 
ar = 
a o .274) 
(o£) U, (3.274) 
T ÍV, o/T 
ar — P2 
Coan ot T°? PED 
and 
ar n 
(7) =ë (3.276) 
T /4jt, v 


From the above relations it follows that the Kramers function is 
a characteristic function if expressed in terms of V, 1/7, and g/T. 

In the same way we can introduce the Kramers function for com- 
plex systems. If we write Eq. (3.145) in the form 


1 p baw. 9* -77 
dS = -5 dU + F- dV +- AW — S- dG (3.277) 

and apply Legendre transformations (3.165) and 
@* *G ¢* 78), 
+ ag=a(+")—Ga( E), (3.278) 

using (3.42a), we find from (3.277) that 

x 1 P $ g* / : 
dT* = —Ud (= )+Fav +p aw + Ga (+). (3.279) 





or, bearing in mind (3.218a) 
X 1) P § _ Adak 
dv* = —Ud (+) +2dV+—dW—Gdg*. (3.280) 
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Here 
~ U , oF 
T*=5—-7 ae ae (3.281) 
or, according to (3.226), 


~~ 


Î* — — I*/T. (3.282) 


It is obvious that for a complex system with T, V, W, and ọ* 
constant, in the equilibrium state, 














d* = 0. (3.283) 
From (3.279) we see that 
( ih ) pes 5 (3.284) 
J= 
T V, W, ¢*/T 
ar* P z 
( ôV lys w,q*yr T? (3.285) 
ar* a 
( W A gene? (3.286) 
and 
( Si ) =G. (3.287) 
a£ 
T 1/T, V, W 


We can easily show that the Kramers function is not a thermodynam- 
ic potential. Substituting EdW in Eq. (3.279) with the help of (1.7), 
we get 


dl* = —Ud (=) +£aV+Gd (+) +—-dL*. (3.288) 


It is obvious that for the system under consideration, with V, T, 
and g* constant, 


dL* = T dl*. (3.289) 


Since in this system 7 is constant, using (3.282) we can write 
(3.289) in the following form: 


dL* = — dr'*, (3.289a) 
which is obvious a priori. 
We see that the work L* is performed not at the expense of the 


corresponding function T*; therefore, '* does not have the proper- 
tics of a thermodynamic potential. [t is obvious that the Kramers 
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function T is related to the grand potential I in the same manner as 
the Massieu-Planck functions are related to the main characteristic 
functions (U, H, F, and @). The Kramers function is not widely 
applied in thermodynamic calculations. 


3.5 Other Characteristic Functions 


3.5.1. As we saw in Sec. 3.4.1, the grand potential I’ was intro- 
duced by using in Eq. (3.144) 


T dS = dU + pdV — ọ dG 


Legendre transformations (3.7) for the quantity T dS and (3.154) for 
q dG. Earlier, in Sec. 3.2.9, we saw that if we apply the Legendre 
transformation (3.4) together with (3.7) and (3.154) to p dV, then 
Eq. (3.144) is transformed into the Gibbs-Duhem equation. 

Thus. in the first case, in Eq. (3.144) we used the transformation 
for the quantity T dS in addition to transformation (3.154) for 
Ç dG, while in the second case we used transformations both for 
T dS and pdV. In both cases, when considering Eq. (3.144) the 
characteristic feature is the application of transformation (3.154) 
to dG. 

We can also easily see that if we must use transformation (3.154), 
there are two more ways in which we can handle Eq. (3.144): (1) using 
neither transformation (3.7) nor transformation (3.4), and (2) 
using only transformation (3.4). Treating Eq. (3.144) along the 
same lines results in two more interesting characteristic functions. 

3.5.2. Let us perform the required transformations. 

(4) If in Eq. (3.144) 


T dS = dU + pdV — ọ dG 
we substitute the quantity ¢ dG with the help of (3.154) 
p dG = d (qG) — G dọ 
and take into account (3.42), we obtain 
d (U — ®) = T dS — p dV — G dọ. (3.290) 


It is clear that for a simple system in which S, V, and @ are constant, 
in the equilibrium state, 


d (U — p) = 0. (3.291) 
Let us introduce the notation 
I = U — 0. (3.292) 


This combined with (3.13) yields 
I = TS — pV. (3.293) 
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Using this notation, we can write (3.290) in the following form: 
dil = T dS — p dV — G dọ. (3.294) 


Hence it is clear that 


all m z 
T hv 5D (3.295) 
; all 
(Zs =P (3.296) 
and 
ou 
(a Js, v —G. (3.297) 


From these relations it follows that II is a characteristic function 
if expressed in terms of S, V, and ọ. 

In the same way a similar characteristic function can be introduced 
for a complex system: transforming Eq. (3.145) with the help of 
(3.154a), we obtain 


dll* = T dS — p dV — EdW — G dọ*. (3.298) 
where 
Il*¥ = U — O*, (3.299) 
or, which is the same, 
H* = TS — pV — EW. (3.300) 


From (3.298) it follows that for a complex system in which S, V, 
W, and g* are constant, in the equilibrium state, 


NS tai. (3.301) 
From (3.298) it follows that 

oll* 
(as =o (3.302) 

oll* 
(lwa AR (3.303) 

oll* 
( ôW k v, g =i (3.304) 

and 

oll* = E 
( op* Ne v, w Ge (3.305) 


It is easy to show that the characteristic function II* is a thermo- 
dynamic potential: if we substitute in (3.298) the quantity E dW 
using (1.7), we obtain 


dll* = T dS — p dV — G dg* — dL*. (3.306) 
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Hence, it is obvious that for a complex thermodynamic system in which 
S, V, and ọ* are constant 


dL* = — dIl*, (3.307) 


i.e. under the given conditions of interaction with the surrounding 
medium the work L* that such a system can perform is only at the 
expense of the characteristic function I]*. At the same time it is 
obvious from (3.307) that II is not a thermodynamic potential 
(since dL* = —dII). 

Note that the functions IJ and II* considered here are uniquely 
related to the functions J and /* introduced earlier in Sec. 3.3. 
Indeed, comparing relations (3.186a) and (3.293), we see that 


Il = TI, (3.308) 
while comparing relations (3.225a) and (3.300) we see that 
Ii* = TI*. (3.309) 


(2) If in (3.144) we substitute the quantity @ dG using (3.154) 
and the quantity p dV using (3.4) and take into account (3.42), we 
obtain 


d (U + pV —®) = T dS + V dp — G dọ. (3.310) 


It is easy to see that for a simple system in which S, p, and ọ 
are constant, in the equilibrium state, 


d(U + pV — QO) = 0. (3.311) 
We introduce the notation 
= U + pV — Ọ, (3.312) 
or, using (3.13), 
A= TS. (3.313) 
Using this notation, we can write (3.310) in the form 
dA = T dS + V dp — G dọ. (3.314) 
Hence, it is obvious that 
ðA 
(F). amen (3.315) 
OA a 
(rls. 9” (3.316) 
and 
OA =- 
(Sols, = so. (3.317) 


Thus, A is a characteristic function if expressed in terms of S, p, 
and ọ. 
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For a complex system the situation is the same: if we transform 
Eq. (3.145) using (3.4), (3:48), and (3.154a), we find that 
d (U + pV + EW—O*)=T dS + V dp + Wd&—Gdg*. (3.318) 
Combining this with (3.59), we see that 
U + pV + EW — P* = TS (3.349) 


and, hence, bearing in mind (3.313), we can write (3.318) in the 
form 
dA = T dS + V dp + W dg — Gdpg*. (3.320) 
It is clear that for a complex system in which S, p, ¢, and ¢* are 
constant, in the equilibrium state, 


då = Q. (3.321) 
From (3.320) it is obvious that 
A ad 
($). pai (3.322) 
on z 
(sree eal (3.323) 
OA 
(a ee ole 
and 
On 5 
E L 4 oe =G: (3.325) 


It is interesting to note that the characteristic function A is not 
a thermodynamic potential. Indeed, if we substitute in Eq. (3.145) 
the quantity £ dW using (1.7), we can write (3.145) in the following 
form: 


T dS = dU + pdv — dL* — o* dG. (3.326) 
Using Legendre transformations (3.4) and (3.154a), we obtain 
d (U + pV — ®*) = T dS + V dp — G dg* — dL*. (3.327) 


Hence it is clear that for a complex thermodynamic system in which 
S, p, and * are constant 


dL* = — d (U + pV — D*). (3.528) 
But from (3.59) it is obvious that 
U + pV — O* = TS — EW, (3.329) 


or, using (3.313), 
U + pV — OF = A — EW. (3.330) 
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If we combine this relation with Eq. (3.328), we find that 
l dL* = — dA + d (W). (3.331): 


Hence it is clear that under the given conditions of interaction 
with the surroundings, the work L* performed by a complex system 
is not done at the expense of the characteristic function A. Therefore, 
the function A does not have the properties of a thermodynamic po- 
tential. As seen from (3.331), the function A — EW = TS — EW 
is a thermodynamic potential for this system; it is also a character- 
istic function. 

This can casily be shown in the following way. If to transform 
Eq. (3.145) we use only (3.4) and (3.154a) and we do not substitute 
EW by means of (3.48), instead of (3.318) we have 


d (U + pV — ®*) = T dS + V dp — dW — Gdg*, (3.332) 
or, using (3.329), 
d (TS — EW) = T dS + Vdp—EdW —Gdg*. (3.333) 


Whence, it is clear that for a system in which S, p, W, and ọ* 
are constant, in the equilibrium state, 


d (TS — §W) = 0. (3.334) 
If we introduce the notation 
= = TS — tW, (3.335): 
we can write (3.333) in the form 
d= = T dS + V dp — Ẹ dW — G dg*. (3.336) 
From this it follows that 
0= 
(T) w aP (3.337) 
0z 
C sw. ge =” (3.338) 
ðZ 
(a). p,e —$, (3.339) 
and 
02 
( ay* Je. pw a = (3.340) 


The above relations show that the function & is indeed a character- 
istic function if expressed in terms of S, p, W, and o*. Obviously, 


6 The peculiarity of these conditions of interaction between the system and 
its surroundings consists in that along with the conditions that S and @* be 
kept constant, in relation to one type of work (the work of expansion), the value 
of the generalized force, pressure p, remains constant, while in relation to another 
type of work the value of the generalized coordinate W remains constant. 
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if we substitute § dW using (1.7) and (3.329) in Eq. (3.336), we can 
transform the latter equation to 


E = T dS + V dp — G dọ* — dL*. (3.341) 

It is clear that for a thermodynamic system in which S, p, and g* 
are constant, in the equilibrium state, 

dL* = — dE, (3.342) 


i.e. the system can perform work, L*, at the expense of the character- 
istic function =. Consequently, the function & is a thermodynamic 
potential. Naturally, (3.342) is equivalent to (3.331). 

3.5.3. Let us now consider Eq. (3.144) written in the form (3.266): 


ae P 57 ee 
dS =- dU +p dV —— dG. 
If we use the Legendre transformation (3.267) 
P oe GG $ 
+7 iG =d (~-)—Ga (+) 
and Eq. (3.42), we can write Eq. (3.266) in the following form: 


as= d++av+¢a($)—a(F,) (3.343) 


or, using (3.197), 
1 P x D 
aS =- 4U +E aV — Gaga (F). (3.344) 


This equation can be transformed with the help of (3.165) 
1 U 1 
pw =d(z)—Ud (+) 
and (3.172) 
Pp = pv Pp 
yV=i( 7) vaT) 


There are four ways in which we can transform Eq. (3.343): using 
both (8.165) and (3.172), using only (3.165), using only (3.172), and 
using neither (3.165) nor (3.172). 

It is easy to show that the first case results in the Gibbs-Duhem 
equation in the form (3.344). 

The second yields Eq. (3.268), which we already know (on the 
basis of the equation that introduced the Kramers function (3.270)). 

If we consider the two remaining cases, we obtain interesting 
results. 
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(1) Substituting in (3.343) the quantity (p/T) dV by means of the 
Legendre transformation (3.172), we obtain 


a ( —_247)=-u- va (+ \+Ga ($ ). (8.345) 


We see that for a simple system in which U, p/T, and ọ/T are con- 
stant, in the equilibrium state, 








D 
a (s—2 +F) =0. (3.346) 
Taking into account (3.13), we see that 
pV oO __ U 
PT Pp Hyp: (3.347) 
We introduce the notation 
G=s—H4S. (3.348) 
From (3.347) if follows that 
U = UIT. (3.349) 
Let us now write (3.345) in the form 
Be iy 2 
dU = dU — va(+ )+4@d (+), (3.350) 
whence the obvious relations 
aU a 3.354 
(Sz ae o/T T ? ( ) 
( = AEE (3.352) 
IT Ju, pT 
and 
( oy ) SG (3.353) 
aL 
T /U,pIT 


which show that the function U is a characteristic function if expres- 
sed in terms of U, p/T, and ọ/T. 
In the same way, for a complex system Eq. (3.277) 


4 p E ọ* 
dS =- dU + WV tr dW ——- dG, 


6—0427 
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which we combine with (3.278) and (3.42a) and write as 
ds=7-d+f£av4+faw—a(F-)+6a(£), (8.354) 
can be transformed, via (3.172) and (3.215), to 
sO 4 av—vo(-4)—wa(E)+60(). esa 


Here 





ry y Sw p* 
G+ g_ Fh a (3.356) 
From (3.59) we find that 
U* = Ü. (3.357) 


We see that for a complex system in which U, p/T, &/T. and o*/T 
are constant, in the equilibrium state, 








dU = 0. (3.358) 
From (3.355) it is obvious that 
au 1 p 
(= ka a T (3.359) 
( = Day (3.360) 
°F Ju, sT, ost 
( K ) EME o (3.361) 
T JU, P/T, 9*/T 
and 
C=) 2G. (3.362) 
a 
T U, p/T, &/T 


It is easy to see that the function U does not have the propertieg 
of a thermodynamic potential. Indeed, if we write (3.215), bearins 
in mind (1.7), in the form 


—Wd (4) =z dL*—a(37}j, (3.363) 
then, using this relation, we can transform (3.355) to 


a = av —va(t F)+ea(H)—a()+ par. (8.364) 
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It is clear that for a system in which U, p/T, and g*/T are constant, 


dL*=T [dU +d (=-) |. (3.365) 
or, in accordance with (3.349), 
aL* = Ta ew (3.366) 


Therefore, the work L* is not done at the expense of the character- 


istic function Ù; hence, U is not a thermodynamic potential. 

(2) Let us now consider Eq. (3.343) without applying Legendre 
transformations (3.165) and (3.172). Equation (3.343) can be writ- 
ten thus: 


a(S+>)=p7a+tav+ea(t). (3.367) 


We see that for a simple system in which U, V, and ọ/T are constant, 
in the equilibrium state, 


d(S + O/T) = 0. (3.368) 
From (3.15) it follows that 
S + O/T = H/T. (3.369) 
Let us introduce the notation 
Ë = S + O/T. (3.370) 
Obviously, 
H = HIT. (3.371) 


Using this notation, we can write (3.367) in the form 





ry 1 P p 
df == dU +-dV+ IESE (3.372) 
whence 
aH 4 
(ETH oaa 
aH zA y 
Ca” “eo nls) 
and 
( i ) E (3.375) 
T /Ju,yv 
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m these relations it follows that H is a characteristic function if 
ee in terms of U, V, and g/T. i 
For a complex sy stem we can write Eq. (3.354) in the following 


way: 


tie afar pare baw s6i ($F), es 
where 2 
H* = S + O*/T. (3.377) 
Using (3.60), we find that 
Ae TIT: (3.378) 


From (3.376) it follows that for a complex system in which U, V, 
W, and */T are constant, in the equilibrium state, 


dH* = 0. (3.379) 
From (3.376) it also follows that 











/ aus ee 
\ mle, W, ¢*/T T? (3.380) 
oH* \ p 
(a av Mu, w, gr T? (3.381) 
all* E 
(Sr R PE (3.382) 
and 
( ~ i ) (3.383) 
3-7 U,v,w=G. 


Hence, the function TI* is a characteristic function if expressed in 
terms of U, V, W, and g*/T. 
Next, using (4.7), we can write Eq. (3.376) in the form 


dH* =- dU +2 av + Ga ($) +F aL*. (8.384) 
We see that for a system in which U, V, and ọ*¥/T are constant, 
dL* = T dH*, (3.385) 


i.e. the work L* is not done at the expense of the characteristic 


function H* and, hence, H* is not a thermodynamic potential. 
The characteristic functions discussed in this section are interest- 
ing, first of all, from the pedagogical point of view, since they 
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constitute the group of characteristic functions for thermodynamic 
systems with variable amount of substance. 

3.9.4. In conclusion let us consider one more problem. We have 
shown above that if we substitute in Eq. (3.144) the quantities 
T dS, p dV, & dW, and g* dG using Legendre transformations (3.7), 
(3.4), (3.48), and (3.154a), we obtain the Gibbs-Duhem equation for 
complex systems (3.158). Similarly, if we substitute in Eq. (3.277) 
the quantities (1/7) dU, (p/T) dV, (E/T) dW, and (g*/T) dG using 
Legendre transformations (3.165), (3.172). (3.215), and (3.304), 
we obtain the Gibbs-Duhem equation for complex systems (3.244). 
These Gibbs-Duhem equations show that for the group of variab- 
les T, p, Ẹ and g* and, likewise, for the group of variables 1/T, p/T, 
£/T, and g*/T there are no characteristic functions. However, it is 
interesting to discuss what amount of work L* can be performed by 
a complex system under the following conditions of interaction with 
the surroundings: T, p, and g* are constant; and 1/7, p/T, and o*/T 
are constant. 

If we use (1.7) and write Eq. (3.145) in the form 


T dS = dU + pdv — g* dG + dL*, (3.386) 
then using Legendre transformations (3.4), (3.7), and (3.154a), we 
can write this equation in the following form: 

d (TS — U — pV + *) = S dT — V dp + Gdg* + dL*, (3.387) 
or, with due regard for (3.59), 
d (W) = S dT — V dp + G dọ* + dL*. (3.388) 


Hence, we see that for a complex system in which T, p, and ọ* 
are constant, 


dL* = d (W). (3.389) 


Similarly, if we take into account (4.7) and write (3.277) in the 
form 


aS =- aut P Eav —I dG +- L*, (3.390) 


using Legendre pei (3.165), ey and (3.278), we can 
reduce (3.390) to 





a(S = val) 
—va(4)+6d ()++aL* (3.394) 


or, with due regard for (3.59), 


a(2%)=—va(+)—va(4)+ea (S) ++ abe. (3.392) 
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Therefore, for a complex system in which 1/7, p/T, and g*/T are 
constant, 


aL* = Ta ( È$- E) (3.393) 


or, since T is constant, 
dL* = d (W), (3.394) 


which coincides with (3.389). This is obvious a priori, since the 
conditions of interaction of the two systems with the surroundings 
are the same. 

Table 3.1 gives the characteristic functions discussed in this 
chapter. 





TABLE 3.14 
Simple systems | Complex systems 
Variables carac erietie Variables Characteristic 
Constant amount of substance 
S, V U S, V, W U 
S, P H=U-+pv S, P, $ H*—U-+pV-+ §W 
T, V F=U—TS T, V, W F=U —TS 
+EW—TS 
U,V S U, V, 
U, p/T I=(TS—pV)iT U, p/T, &/T I* = (TS — pV 
—EW)IT 
4/T, V F= — F/T 1/T, V, W F=—F/T 
1/T, p/T D= —QO/T 4/T, p/T, &/T D = —@*/T 
Variable amount of substance 

S, V, @ N=TS— pV S, V, W, ọ* gr ae 
S, P, P A=TS S, P, E; p* A=TS 
T, V, p rT=— pV T, V, W, ọ* T* = —pV—EW 
T pọ i T, p, & o* 7 
U, V, ọ/T H=H/T U, V, W, ọ*/T H* = H*/T 
U, pIT, ọ/T U=U/T U, pIT, E/T, p*/T U=U/T 
1/T, V, wr P=—TP/T 1/T, V, W, o*/T T*=—T*/T 


1/T, pIT, g/T 1/T, p/T, €/T, p*/T 
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TABLE 3.2 
Char- 
Interaction between complex thermodynamic system er Work of system in 
and surroundings func- equilibrium 
tion 


Constant amount of substance 


S =const, V= const U dL*=—dU 
S=const, p=const H dL*=>—dH 
T =const, V=const F dL*=—dF 
T =const, p=const Oo dL*=—d® 
U =const, V =const S dL*=T dS 
U =const, p/T =const I dL*=T dI 
1/T =const, V=const F dL*=—dF 
1/T =const, p/T =const ®© dL*¥=—dO 
Variable amount of substance 
S=const, V=const, p* =const I dL*= —dalII* 
S=const, Pp=const, g* =const A dL*=—d(TS—EW) 
T =const, V=const, g* =const T dL*=—dI* 
T =const, p=const, @* =const dL* =d ($W) 
U=const, V=const, g*/T =const H 4dL*=T dH* 
U=const, p/T =const, o*/T =const U dL*¥=Td(U+EW)/T 
4/T =const, V=const, g*/T = const r dL* = —dI* 
1/T =const, p/T=const, g*/T=const dL* =d (EW) 


The relations defining the work L* that a specific system can 
perform in the equilibrium state are presented in Table 3.2. These 
are given for different conditions of interaction between the complex 
thermodynamic system and its surroundings. We recall that if the 
work L* is done at the expense of a characteristic function N 
(i.e. dL* = —dN), this function is a thermodynamic potential; 
otherwise it is not. 


4 The Maxwell Equations 


4.1 Simple Systems 


4.1.1. The most important tools of thermodynamics are the equa- 
tions derived by J. C. Maxwell. In what follows we will widely use 
these equations. 

The Maxwell equations can be obtained in the following way. 
The reader will recall (see Chap. 2) that if a differential of a function 
z = f (x, y) is written in form (2.63) 


dz = M dz + N dy 


and it is known that the differential of this function is total, the 
relation (2.30) holds: 
OM ON 
( oy )=( Ox Je 


(1) If we compare Eq. (3.25a) 
du = T ds — pdv 








with (2.63), we find that M = T, N = — p, z =s, and y =v. 
Hence, from (2.30) we obtain 

(208 Yok 

\ av ),= ( as ie (4.1) 


(2) If we compare Eq. (3.28a) 
dh = T ds + v dp 


with (2.63), we see that M =T, N =v, z =s, and y = p. With 
this in mind, from (2.30) we find that 


(liela (4.2) 
(3) If we compare (3.34a) 
df = — pdv — sdT 
with (2.63), we find that M = — p, N= —s, x = v, and y =T. 


Hence, from (2.30) we obtain 


(arh (Je 6-3) 
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(4) Finally, if we compare (3.34a) 


dp=vdp—sdT 
with (2.63), we find that M = rv, N= — s, z = p, and y= T. 
From (2.30) it follows that 
ov yaa 
(ar > ( ap )r' (4.4) 


Relations (4.1)-(4.4) are called the Maxwell equations. 
4.1.2. From (2.1) it is obvious that Eqs. (4.1) through (4.4) may 
be written in “inverted” form: 





(a ),=—-(#),: (4.1a) 
(h=) (4:2a) 
(= ka (4.3a) 
and 
(E-E at 


4.4.3. Equations (4.1) through (4.4a) are written for the specific 
(per unit mass) values, v and s, but the same can be derived for the 
total quantities, V and S, relating to the entire thermodynamic system: 


(Jr ).=— (GF), (4. 1b) 
(h=). (4.2b) 
(h= T) (4.3b) 

(+), =—-(#), (4.4b) 


the inverse relations will also have this form. 

4.1.4. From what we have said it follows that the Maxwell equa- 
tions can be considered a particular case of the general relation (2.30) 
given for thermodynamic quantities. 

4.1.5 Naturally, we may ask what relation we will obtain if, 
together with Eqs. (8.25a), (8.28a), (8.31a), and (3.34a), we consider 
Eq. (1.27a). Let us write this equation in the form 


1 ia 
ds = du + $- dv (4.5) 
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and compare it with (2.63). We find that M = 1/7, N = p/T, x = u, 
and y = v. Substituting these values into (2.30), we get 


(FF) =? (2) ? (Ge), (4.6) 
Since in accordance with (2.67) 
(2),=-(), (+), (4.7) 
and in accordance with (2.6) 
(32) .= (ar). (Zr), (4.8) 
we obtain from (4.7) 
(h= (GF), (4.9) 


This relation gives the variation in the internal energy with the 
specific volume on an isotherm. It is used in various thermodynamic 
calculations, but the Maxwell equations are far more significant 
and universal; moreover, relation (4.9) may be easily derived from 
one of the Maxwell equations (see Sec. 5.1). 

4.1.6. Sometimes the following method of deriving the Maxwell 
equations is given. Let us denote by z and y two variables that imply 
any pair from the four quantities p, v, T, and s. From Eq. (8.25a) 


du = T ds — pdv 
it follows that 


(=)= (7) (F), (4.10) 
and 
(s-).=2 (F) e (E) (4.11) 


Differentiating the first of these relations with respect to y with z 
constant, and the second with respect to x with y constant, we ob- 
tain, respectively, 


B(A G.E) 9 





and 








CE TORTE E OORA 
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Equating the right-hand sides of these relations we obtain 


Gre ec ere a le ee ee 
(4.14) 


If we substitute p, v, T, and s for x and y, we see that four vari- 
ants of such a substitution are possible: 


(1) zr =v, y =s; (3) z=v, y= T; 
(2) z = p, y = 8$; (4)x=p,y=T 


(since Eq. (4.14) is symmetric with respect to xz and y, substituting 
z = v, y = sforz= s, y = v, and so on does not yield a new result). 
Substituting z = v and y = s into (4.14), we obtain 


Or Gr alee Sie Re A ee 
(4.15) 


Since, obviously, (0s/dv), = 0 and (dv/ds), = 0 but (dv/dv), = 1 and 
(ds/Os), = 1, from (4.15) it follows that 


op oT 
(ae =a) 

which is the Maxwell equation (4.1). 

Similarly, the second, third, and fourth variants of the substitution 
yield, respectively, the Maxwell equations (4.2), (4.3), and (4.4). 

This method of deriving the Maxwell equations is, perhaps, more 
elegant than the one considered in Sec. 4.4.4, but the latter is 
clearer. 


4.2 Complex Systems 


4.2.4. If a thermodynamic system performs work other than 
work of expansion, the Maxwell equations are formulated in the 
following way. 

(1) From the combined equation of the first and second laws of 
thermodynamics for such systems, (1.30a), it follows that (see 
Eq. (3.62a)) 


du = T ds — pdv — & dw. 
We note that € is a generalized force (save for pressure p) and w is 


a generalized coordinate (save for specific volume v). 
For the case with v constant we obtain 


du = T ds — Edw. (4.16) 
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With the aid of the method discussed in Sec. 4.1.1 and Eq. (2.30) 
we find that 


(=), =Ë) (4.17) 


Similarly, for the case with w constant we find from (3.62a) and 


(2.30) that 
(=), =), . (4.18) 


(2) Equation (3.66a) 
dh* = T ds + vdp + wd, 


where h* is the enthalpy of a complex system defined by rela- 
tion (1.15a) 


h*®* = u + pu + tu, 


for the case with p constant can be written thus: 


dh* = T ds + wa6. (4.19) 
In accordance with (2.30) we find from this relation that 
a ees ce 
(+), | Os )e p` (4.20) 
Similarly, for the case with Ẹ constant we find from (3.66a) and 
(2.30) that 
oT \ Ov 
(aka a ls (2.24) 
(3) Equation (3.70a) 
dj = — pdv — Edw — sdT, 


where f is the free energy of a complex system defined by the general 
relation (3.41), for the case with v constant is 


dj = — Edw — sdT. (4.22) 
In accordance with (2.30) we find from (4.22) that 
oE __{ as 
(Bu = (alee ie) 


Similarly, for the case with w constant we find from (3.70a) and 


(2.30) that 
(Sr), w= (a), w° (4.24) 
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(4) Finally, Eq. (3.74a) 
dg* = vdp + wd& — sdT 


for the case with p constant is written thus: 


dọ* = wd — sdT. (4.25) 
Hence, in accordance with (2.30), we have 
ow Os 
(T) > (zh p` Ce) 
Similarly, for the case with € constant we find from (3.74a) and 
(2.30) that 
Ov ðs 
Crha (eee en) 


These are the Maxwell equations for complex systems. We see that 
Eqs. (4.18), (4.24), (4.24), and (4.27) are similar to Eqs. (4.1) 
through (4.4), the only difference being that the partial derivatives 
in (4.18) and (4.24) are calculated with w kept constant, and those 
in (4.21) and (4.27) with & constant. 

4.2.2. Naturally, the Maxwell equations can also be written in 
an inverted form: 





(ar). =~ F (4.472) 
(FF), w= (Be, o (4.188) 
($F). o= (Gels » (4.20a) 
(h= Ehe (4.21a) 
(alea ie (4.23a) 
(a). w= (E)r w (4.24a) 
le les E)n (4.26a) 
Cae $ (z) z (4.27a) 


4.2.3. The Maxwell equations for complex systems obtained in 
this section, just as Eqs. (4.1b) through (4.4b), can be written for 
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the total values of V, W, and S which refer to the entire thermody- 
namic system: 


(away (os boas (4.47) 
(F )s T (Gr) w’ (4.18b) 
(ali p (45 Ne p? (4.20b) 
(Fh. =(+),, p (4.24b) 
(E)r v= (air), v (4.28b) 
(ory, w (Hr). on (4.24b) 
(Fh, e B (4.26b) 
larla = Gr ed (4.27b) 
and, similarly, 
(+s. =- s y? (4.170) 
(+) w= (E) w (4.180) 
(Hs, p (y p (4.20c) 
(Fr) =). p? (4.210) 
(Ew = (E)n v (4.280) 
(Thv. w= (E)r w (4.240) 
(arh o= — (E)r p (4.260) 
(m) =~ (E)r (4.276) 


4.3 Systems With Variable Amounts of Substance 


4.3.4. In Sec. 3.2 we showed that for systems with a variable 
amount of substance the combined equation of the first and second laws 
of thermodynamics is written for a simple system in the form (3.144) 


T dS = dU + pdV — gdG, 
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and for a complex system in the form (3.145) 
T dS = dU + pdV + tdW — o*dG. 
By the same methods that we applied in Secs. 4.4 and 4.2 to 
Eqs. (1.27a) and (1.30a), from Eqs. (3.144) and (3.145) we can obtain 
the Maxwell equations for systems with a variable amount of sub- 


stance. 
4.3.2. We write Eq. (3.144) in the form (3.146) 


dU = T dS — pdV + dG. 


Combining this relation with (2.30), we see that for V constant 


(fr). v` (Fh v (4.28) 
and for S constant 
Cae s=—(#le. s` (4.29) 


If we employ (3.4) to write (3.146) in the form (3.147) 
dH = T dS + V dp + ọdG, 


then, combining this with (2.30), we see that for p constant 


or __ {99 
aa (alas (4.30) 
and for S constant 
ev >; __ {99 
( ôG Jes ap Ve s` (4.31) 
Next, (4.28) together with (3.7) yields (3.148) 
dF = — SdT — pdV + ọdG, 
and if we employ (2.30), we obtain for V constant 
és __{ 9 
—( ðG Jarl ôT las ee) 
and for T constant 
dp __ { 109 
a aG yr ôV Vaca (4.33) 
Finally, if we combine (4.28) with (3.4) and (3.7), we obtain (3.149) 
d® = — SdT + V dp + qdG. 


Hence, for p constant 


— (4) y= (ar ere (maa) 
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and for T constant 
(=>). ,=( o lo T’ (4.35) 


Obviously, Eqs. (4.28) through (4.35) are the Maxwell equations 
for a simple system with a variable amount of substance. 

4.3.3. The derivatives of p on the right-hand sides of the Maxwell 
equations for simple systems with a variable amount of substance 
can be calculated in the following way. 

(1) Since the derivative (0~/0S)¢_y is calculated with G kept con- 
stant, it is clear that 


ee == ( a ), i (4.36) 








From Eq. (3.43) 
p = u = pv — Ts 
we see that 


ea Aa a ae 8 
Since in accordance with (2.6) 
(a e d, 
and, as we will show in Sec. 5.3.4, 


( Z) =, (4.38) 


Os Cp 























where c, is the isochoric heat capacity of the substance, combining 
(3.26a) with (4.37) we obtain 














Goa erg da om 2) 
Employing (4.36) and (4.39), we obtain from (4.28) 
(5) =o [v (7) s] ¢ (4.40) 
(2) It is also obvious that 
( i es s~ i Ae E eat) 


From Eq. (3.43) it follows that 


( oP | Ou 
av js \ av 














) —s( af i (4.42) 


GAH 


ORE 
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If we take into account (3.27a) and bear in mind that according 


























to (2.6) 
caac eg (4.48) 
we obtain 
ae) Pe (4.44) 
P 
Combining Eq. (4.29) with (4.44) and (4.41), we have 
(SE). s=— a (>). [e-+(),]. (4.45) 
(3) We can easily show that 
Cafone. (4.46) 
From Eq. (3.44) 
ọ = h — Ts 
it follows that 
Ga a ee (4.47) 


Taking into account (3.29a) and the following relation (see 
Sec. 5.3.1) 

















oT T 
( os ) = Cp 7 (4.48) 
from (4.47) we obtain 
lu) Fa Ts 
(+ ), =- (4.49) 
Combining (4.49) and (4.46), from (4.30) we obtain 
ôT Ts 
(4r),.=7 oo (4.50) 
(4) We can also show 
oo pee 0g 
eo Ta. op ),. e 
From (3.44) it follows that 
Op \) _/ oh oT 
( ôp ).=( ap hasl ap E (4.52) 
or, with due regard for (3.30a), 
ôg oT \ 4 
(<r), =s (rh on) 


7—0427 
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Combining this with (4.51), from (4.31) we find that 


(Z) =s (2). (4.54) 





(5) Further, we can prove that 
ap _ (_9 
(ar ev= (Gr). (4.55) 
By differentiating (3.43), we obtain 
10) ran Ou "ap = Os \ pe 
( or )=( oT ), +» oT ), Te Ja es (4.56) 


Since (see Sec. 4.3.1) 

















(r), =T (ar) = Gn 
we have 
(ar), = (zr), (4.58) 
Combining this with (4.55) and (4.32), we have 
(ehala), C) 
(6) We can easily show that 
or ee aes a8) 


From (3.43) we see that 
le PP ae ea a a 


Since (see Sec. 5.4.4) 














du —_ op 
( ðv h=7( ar 2%: (0a) 
in accordance with the Maxwell equation (4.3) from (4.62) we obtain 
op \) — op _\ 
(=?) =v(—2),. (4.63) 
Thus, taking into account (4.60), we can transform Eq. (4.33) to 
Op oo v op i 
( ôG Jm | dv = (aaa 


(7) It is obvious that 


(a po (F),- (4.65) 
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If we use (4.65) and (3.35a), from (4.34) we obtain 


as ae 
ôG /T,p : 


(8) Finally, we see that 


(has Car j 


Combining this with (3.36a), from (4.35) we obtain 


( a) =i 
6G lp T ` 


(4.66) 


(4.67) 


(4.68) 


These relationships define more precisely the Maxwell equations 


for simple systems with a variable amount of substance. 


4.3.4. The Maxwell equations for complex systems with a variable 
amount of substance can be obtained by a method similar to that 


used in Sec. 4.3.2. 
From Eq. (3.150) 


dU = T dS — pdV — dW + ọ*dG 
it follows that 











ð ? 
op eZ ag* 
(Se) y. Wie — ( av Ie w, s’ 
(FP) w. vs = (ar) 
0G JW,V,S aW jG, v, S` 


From Eq. (3.151) 
dH* = T dS + V dp + Wd& + g*dG 
it follows that 











(=). p = a bav 
aq*' 
(=), s=( a Joa s’ 
* 
see s=| = Hone S 
From Eq. (3.152) 
dF = — S dT — pdV — EdW + rdG 


(4.69) 
(4.70) 


(4.74) 


(4.72) 
(4.73) 


(4.74) 
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it follows that 











Finally, from (3.153 








d®* = —SdT+Vdp+W-dE— + ọ* dG 
it follows that 
(2y =(48) 
ôG /T,p,& \ OT /G, p, £? 
(2 — ( 20” 
(5 ka = ( op ka T? 





(4.75) 
(4.76) 


(4.77) 


(4.78) 
(4.79) 


(4.80) 


Of course, the derivatives of ọ* on the right-hand sides of Eqs. (4.69) 
through (4.80) can be calculated by using relations similar to the 


above mentioned equations (4.40), (4.45), (4.50), (4.54), 


(4.64), (4.66), and (4.68). 


(4.59), 


ð Simple 
Thermodynamic Systems 


5.1 Partial Derivatives of Thermodynamic Potentials 


Let us consider the partial derivatives of four thermodynamic poten- 
tials (u, h, f, and q@) with respect to the variables p, v, T, and s. 
Obviously, we can find a derivative with respect to one of these 
variables if another variable, of the remaining three, is kept con- 
stant; for example, if the derivative is calculated with respect to T, 
it can be defined for either p constant, v constant, or s constant. We 
see that each of the named characteristic functions has twelve deriv- 
atives in all. Of course, not all are of equal practical importance. 
Therefore in this section we will focus our attention on the important 
relations and give the other relations for reference. 

5.4.4. We start with the partial derivatives of internal energy. 
In Chap. 3 we found that, according to (3.26a), 


ou 
(4), =7 
and, according to (3.27a), 


Ou 
(an = =e 
What are the other relations for the partial derivatives of inter- 


nal energy? 


From Eq. (3.25a) 
du = T ds — p dv, 
taking into account (2.63) and (2.64), we obtain 


Ou Os 
(=T (Ge lea? (9.4) 
Combining this with the Maxwell equation (4.3), we find that 
du 2 Op 
(ar a=? (ar)? (5.2) 


This relation gives the variation of internal energy with volume in 
an isothermal process. 
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In the same manner we can obtain a relation that gives the varia- 
tion of internal energy with pressure in an isothermal process: 


Cai le? s Pa) 
Combining this with the Maxwell equation (4.4), we obtain 
(h= T(r lr (2:4) 


By the method used in (3.25a) with account taken of (2.63), (2.64) 
and the Maxwell equations, we can easily show that 


(ahlaka (5.5) 
(a lecar (5.6) 
(Gr )=—? (ar) 6.7 
(ahea (6:8) 
(ahel (5.9) 


The quantities (@u/0T),, (du/0T),, and (du/dT), will be considered 
in Sec. 5.3. 

5.4.2. We turn to the partial derivatives of enthalpy. According 
to (3.29a) and (3.30a), 


oh oh 
(S) = and (2) = U. 
Next, Eq. (3.28a) 
dh = T ds + v dp 
together with (2.63) and (2.64) yields 


ðh) __ Os 2 
(Ge )r=T (ar hrt” (5.10) 
If we combine this with (4.4), we find that 
ch \ ov 
(3r) =T (FF). on) 


This relation gives the variation of enthalpy with pressure in an 
isothermal process. 
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In the same manner we obtain a relation giving the dependence 
of the enthalpy on the volume in an isothermal! process: 


(Slate) tes )e- 5:42) 
Combining this with (4.3), we obtain 
(ar a=? (ar), +? ahe (5:13) 


If we use (3.28a), (2.63), and (2.64) and the Maxwell equations, we 
can show that 


(2) =r(4 f (5.14) 
(h= (T). (5.15) 
(B) 6.19 
(#).<7-»(2), oan 
(=r (E), 6.19 


We will consider the quantities (0h/0T),p, (Oh/0T),, and (Ah/dT), in 
Sec. 5.3. 

5.1.3. The equations listed in this section, especially (5.11) and 
(5.2), are of great value for calculating the thermodynamic proper- 
ties of substances. If we are given the data on the thermal properties 
of the substance (data on p, v, T-dependence), these equations enable 
us to find the values of the enthalpy and internal energy and, con- 
versely, to compute the thermal properties of the substance by the 
given enthalpy and internal energy. 

Given the pressure p and temperature 7, we can find the value of 
the enthalpy by integrating Eq. (5.11): 


P a 
h(p, T)=h(py» T)+ f [v—T (sr), |d (5.19) 
Po 


Here h (po, T) is the enthalpy of the substance in an initial state 
with the same temperature but different pressure py. 
Similarly, 
v 


u(v, T)=u (vo, r)— | [7 (42), —? |. (5.20) 


vg 
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Here u (vp, T) is the internal energy of the substance in an initial 
state with the same temperature T but different volume vp. 

If we know the data on the thermal properties of the substance, 
we can calculate the integrals on the right-hand sides of (5.19) and 
(5.20); here, of course, in addition to the given data on the p, v, T- 
dependence we must calculate the derivatives (0v/0T), or (dp/OT)». 
Note that in both cases integration is carried out along an isotherm, 
namely, Eqs. (5.49) and (5.20) give the variation of the enthalpy 
and internal energy with p and v, respectively, but with 7 kept 
constant. 

If we take for a point of reference on the given isotherm a caloric 
quantity (h or u) in the ideal-gas state (where the pressure and density 
of the gas are zero), Eqs. (5.19) and (5.20) become, respectively, 


j 
h (p, T)=h,(T)+ [v-r (+), dp (5.24) 
0 
and 
u (v, T) Ue (T) + i [7 ($) -r |æ. (5.22) 


Here ho (T) is the enthalpy in the ideal-gas state at temperature T, 
and u (7) is the internal energy in the same state (with an infinite 
specific volume). We note that the caloric quantities of an ideal gas 
are functions of temperature alone. The values of kọ and uœ can 
be calculated with a high degree of accuracy by using quantum- 
Statistics methods; the values are obtained on the basis of the data 
on the molecular structure of the substance. 

Equations (5.19) through (5.22) are widely used in calculating 
the thermodynamic properties of substances via experimental p, v, 
T data. 

To solve the inverse problem, i.e. to calculate thermal values by 
the given caloric properties, we transform (5.11) and (5.2) to 








Ook 
Oh T 
(Fe PER (9:28) 
T /p 
and 
ð Ł 
ðu T 
(h= A (5:24) 
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(it is worth noting that 1/7, p/7, and v/T on the right-hand sides of 
these relations are variables when we consider the Massieu-Planck 
functions). Integrating these equations, we obtain, respectively, 


T 

v(p, T) __v(p, Ty) , { { Oh 4 

20D 20 Td) | (E) aF (5.25) 
To 

and 

T 

pv, T) __ piv, To) ðu 1 

A e a a (5:26) 


0 


Here v (p, To) and p (v, To) are the values of v and p in an initial 
state with the same pressure (Eq. (5.25)) or the same volume 
(Eq. (5.26)) as in the sought state. We note that in Eq. (5.25) we 
integrate along an isobar, while in (5.26) along an isochore. The 
partial derivatives of the caloric quantities under the integral sign 
are calculated by using the existing data on caloric properties of 
the substance. 

The history of thermodynamic calculations of water vapor proper- 
ties knows cases where the specific volumes of water vapor were calcu- 
lated using Eq. (5.25) on the basis of experimental data on the 
enthalpy. 

To calculate u by the known p versus v dependence ou an isentrope 
or the known T versus s dependence on an isochore and k by the 
known v versus p dependence on an isentrope or the known 7 versus s 
dependence on an isobar, we can obtain simple relations from 
Eqs. (3.26a), (3.27a), (8.29a), (3.30a). From (3.27a) we see that 


v 


u (V, s)=uUu (Va S)— \ pdv, (5.27) 

from (3.26a) that i 
u (v, s)=u (V, s+ | T ds, (5.28): 

from (3.30a) that À 
h (p, 8)=h (Po, 8) + { v dp, (5.29), 

Po 


and from (3.29a) that 


S 


h (p, s)=h(p, s) + \ T ds. (5.30) 


sa 
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Here u (vo, $) and h (po, s) are, respectively, the internal energy and 
enthalpy in an initial state on the isentrope under consideration, 
u (V, So) is the internal energy in an initial state on the isochore 
under consideration, and h (p, So) is the enthalpy in an inilial state 
on the isobar under consideration. 

5.1.4. We end this section by examining the partial derivatives of 
the isochoric-isothermal and isobaric-isothermal potentials. Ac- 
cording to (3.33a) and (3.32a), 


(S),=—P and ($r),=—s. 


These give the relations for calculating the value of f by the known p 
versus v dependence on an isotherm or the known s versus T de- 
pendence on an isochore; from (3.33a) we see that 


v 


fe, T)=f Vo T)— | pdv, (5.31) 


v0 


while from (3.32a) that 


T 
fv, T)=flv, T.)— | sar. (5.32) 
To 


Here f (va, T) and f (v, To) is the isochoric-isothermal potential in 
an initial state on the isotherm or isobar, respectively. Equa- 
tion (3.31a) 


df = —sdT — p dv 


together with (2.63), (2.64), and the Maxwell equations yield 


(Sr )e= —? (Ge) e (5.38) 
(3r),=—? (F) (5.34) 
(Fr) ,=-e-* (F),° (5.35) 
(h= (35)? (5.36) 
(h= e(r) (5.37) 
(ir), =r (3) (5.38) 
(h=-E -r (Z), (5.39) 
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(ar ).=—? (a). e (5.40) 
(35). = 2-2 (Fr). (5.41) 
(#=-8. 542 
According to (3.36a) and (3.35a), 
(2) <0 ant (2), =s 


These equations enable us to easily obtain the relations for calculat- 
ing the value of ọ by the known v versus p dependence on an iso- 
therm 


p 
p (p, T)=9(Po T)+ | vdp (5.43) 
Po 
or by the known s versus T dependence on an isobar 
T 
(P; T)=9 (p, Tr) — | sap. (5.44) 
To 
Here ¢ (pop, T) and ọ (p, To) is the isobaric-isothermal potential 
in an initial state on an isotherm or isobar, respectively. From 


Eq. (3.34a) 





dp = — s dT + v dp, 

using (2.63), (2.64), and the Maxwell equations, we easily obtain 
lean (5.45) 

(3r).= =R (2E) —s, (5.46) 

(52), =v- (S) (5.47) 

Aa (5.48) 

(E= (Fr) (5.49) 

(SF ).=" (ar), —* (5.50) 

(Sr).= = = —v(), (5.51) 


(22) =v (<2) -s($),- (5.52) 
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(h=). (5.53) 
(32) ,=-=. (5.54) 





The above relations are employed in an analysis of thermodynamic 
diagrams when one of the coordinates is f or ọ. 


5.2 The Gibbs-Helmholtz Equations 
5.2.4. Let us write Eqs. (3.41) and (3.44) in the following way: 
u = f + Ts (5.55) 


and 


= ọ + Ts. (5.56) 


If in these relations we substitute s, respectively, via (3.32a) and 
(3.35a), we obtain 


u=1—T (5), (5.57) 
and 
h=p—T (SF). (5.98) 


We obtained these equations for mass specific quantities, but the 
same can be derived for the entire thermodynamic system: 


W=F-T ($5), (5.57a) 


and 
H=0— T (<r), (5.58a) 


We can easily show that these equations can also be represented 


thus: 
rea 
ie (| (5.59) 
\9 3 


oF 
ed Neca ead (5.60) 
oT. 
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PEA 
7 T z 
L I ) , (5.59a) 
v 


J2 
H= () (5.60a) 


If we take into account the definitions of the Massieu functions 
(3.169) and the Planck functions (3.176), we can write Eqs. (5.59a) 
and (5.60a) thus: 


and, respectively, 


oF 
v=-(77 ) (5.61) 
ôT y 
and 
aD 
jasi ) ' (5.62) 
T /p 


We see that these relations, respectively, coincide with Eqs. (3.170) 
and (3.182) derived earlier. 
Equations (5.57a) and (5.58a) are known as the Gibbs-Helmholtz 
equations. They play a significant role in chemical thermodynamics. 
0.2.2. Let us examine a thermodynamic process in a complex 
isochoric-isothermal system. Obviously, for the entire system we 
can write (5.57a) for the initial state of the process as 


OF 2 
U=F T (EF) (5.63) 
and for the final state as 
OF = 
U,=Fo= y (=). (5.64) 


Subtracting termwise (5.64) from (5.63), we obtain 


F,—F EAE 
—(U,—U) =(F:—F,)—7 (H) (6-65) 


We recall that in Chap. 3 we considered the amount of work which 
a complex system can do. The combined equation of the first and 
second laws of thermodynamics for such a system is of the form (1.24): 


T dS = dU + pdV + dL*, (5.66) 
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where dL* = — dW. If we combine this equations with (3.7), we 
obtain 


dL* = — dF — S dT — p dV. (5.67) 
We see that if the system is under isochoric-isothermal conditions 
(V and T constant), then 
aly, r = — dF (5.68) 
and, hence, 
Lý r = Fi — Fy. (5.69) 


Thus, the system performs work (except work of expansion) at the 
expense of the isochoric-isothermal potential of the system. 
Combining (5.65) with (5.69), we find that 





* 
—AU =L¥,r—T ( ont iz (5.70) 
where 
AU = U, — U (5.11) 


is the difference between the internal energies of the system in the 
final and initial states of the process. 

In a similar manner, for a thermodynamic process in a complex 
isobaric-isothermal system we can write for the initial and final states 
of the process 





ðD = 
H,=®,—T (SF), (5.72) 
and 
om = 
H,=®,—T ( Fla (5.73) 
whence 
6(0,—O = 
—(H,—H,) =(®,—@,)—7 (Hae). (5.74) 


Equation (1.24), by employing (3.7) and (3.4), can be trans- 
formed to 


dL* = — dD — S dT + V dp, (5.75) 
which implies that for an isobaric-isothermal system (p and T con- 
stant) 

dLý r = — dD (5.76) 
and, hence, 
Lý, r = D, — Dy. (5.77) 


Thus, the system may perform work at the expense of the isobaric- 
isothermal potential of the system. 


5. Simple Thermodynamic Systems iff 
If we combine (5.74) with (5.77), we find that 


Fi aL, 
—AH =L}, rT (A), (5.78) 


Ií the process in the system is accompanied by chemical transform- 
ations, L* is the work performed in the reaction. We know that 
in chemical thermodynamics the concept of the heat of reaction 
is widely used; since the heat of isochoric-isothermal reaction Qy is 


equal to the change in the internal energy of the system as a result 
of the reaction. 


Qy = U,—U,, (5.79) 


and the heat of isobaric-isothermal reaction Q, is equal to the change 
in the enthalpy of the system as a result of the reaction, 


Qp = H, — Ay, (5.80) 
we can write the Gibbs-Helmholtz equations (5.70) and (5.78) thus: 








Olt 
— Qr =L}, r= T (RE), (5.81) 
and 
ðL 
—Qp =L}, rT (2 X (5.82) 


The Gibbs-Helmholtz equations in this form find wide application 
in chemical thermodynamics. For one, they allow the researcher to 
find such an important characteristic of chemical reaction as the 
heat of reaction not by means of direct thermochemical measure- 
ments but indirectly, by measuring the work L* performed in the 
process that accompanies this chemical reaction and by calculating 
(OL*/AT). These equations are also important for analyzing the 
operation of reversible voltaic cells (see Chap. 9). 

0.2.3. Speaking of the Gibbs-Helmholtz equations, it is interesting 
to examine a group of relations similar to them in structure. We 
recall that the Gibbs-Helmholtz equations (5.57a) and (5.58a) were 
obtained as a result of replacing S in Eqs. (3.9) and (3.15) with the 
help of (3.32) and (3.35), respectively. 

Simple analysis shows that we can transform the following rela- 
tions in a similar manner: 


H=U+pyV, (1.14) 
@ = F + pv, (3.16) 
F=U-—TS, (3.9) 


© = H — TS. (3.15) 
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We can transform Eqs. (1.14) and (3.16) by substituting the corre- 
sponding partial derivatives for p or V, and Eqs. (3.9) and (3.15) by 
substituting the partial derivatives for T or S. We have at our dis- 
posal the following relations (considered in Chap. 3), which express p, 
V, T and S in terms of partial derivatives: 


T= (=), (3.26) 

and 
T= (3F),> (3.29) 
p=- (f), (3.27) 

and 
p= — (Sr) (3.33) 
v=($), (3.30) 

and 
Ve lop (2-20) 
s=-(2), (3.32) 

and 
j= —(3r),-: (3.35) 


We see that replacing p, V, T and S in Eqs. (1.14), (3.16), (3.9), 
and (3.15) by the partial derivatives given here yields 16 equations. 
Two of them (namely, those obtained from (3.9) via (3.32) and from 
(3.15) via (3.35)) we already know—they are the Gibbs-Helmholtz 
equations. We can easily obtain the remaining relations of this 
group. Here we give only the equations similar to the Gibbs-Helm- 
holtz equations in structure. 

If we combine (1.14), in succession, with (3.27) and (3.30), we find 
that 


H=U0 -V (25), (5.83) 
and 
U=H—p(4%5) (5.84) 
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Replacing p and V (in 3.16) with the help of (3.33) and (3.36), 
we obtain 


O=F—V (FF), (5.85) 
and 

F=0—p().. (5.86) 
If we substitute (3.26) into (3.9), we find that 

Fus (3), (5.87) 


while substituting (3.29) into (3.15) yields 
ôH 
D=H-—S (35 )p (5.88) 


We see that for systems with a constant amount of substance these 
relations can be written in terms of mass specific quantities: 


h=u—v (=), (5.83a) 
u=-h—p(=), (5.84a) 
g=f—v(Z)., (5.85a) 
t=- (St), (5-86a) 
f=u—s(),, (5.87a) 
p=h—s (=), (5.88a) 


We note in passing that from these relations, which express p, v, 
T and s in terms of the corresponding partial derivatives, we can 
obtain the following useful equations: from (3.26) and (3.29) 


(h=) (5.89) 
from (3.27) and (3.33) 

(7 )= (7) Oy 
from (3.30) and (3.36) 

()s= (a) ae 


8—0427 
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and from (3.32) and (3.35) 


(F),= (44), 5m 


Incidentally, if by means of these relations we replace the partial 
derivatives in Eqs. (5.83) through (5.88) and in the Gibbs-Helm- 
holtz equations (5.57a) and (5.58a), we will obtain the remaining 
relations from the group of above mentioned 16 equations. 

We can readily show that just as we can write the Gibbs-Helmholtz 
equations (5.57a) and (5.58a) in the form (5.59a) and (5.60a), we can 
write Eqs. (5.83) through (5.88) thus: 


a UL 
y 

A= ee wae Oe (9.93) 
OF S 





V 
ot. 
U=|—+], (5.94) 
a s 
F 
Ty 
D= ANE (5.95) 
Vit 
pf 
F=|—-]|, (5.96) 
ôT |r 
P 
U 
iy 
(| ; (5.97) 
ô -o v 
H 
orm 
S/P 


Naturally, these relations can be written in terms of mass specific 
values. 

We should note that Eqs. (5.83) through (5.88a) obviously have 
a certain pedagogical interest: for one, Eqs. (5.84), (5.84a), and 
(5.83), (5.83a) serve the same purpose for  isochoric-isentropic 
(V and S constant) and isobaric-isentropic (p and S constant) 
systems, respectively, as the Gibbs-Helmholtz equations do for 
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isochoric-isothermal and isobaric-isothermal systems. But unlike 
the Gibbs-flelmholtz equations, these equations are insignificant 
in thermodynamic calculations. 


3.3 Equations for Heat Capacities 


5.3.1. In thermodynamics the (mass specific) heat capacity in the 
most general form is given by the relationship 


o=T (sr). (5.99) 


where c, is the heat capacity in a process in which a parameter, 2, is 
kept constant. 

In this relation we can replace z by any generalized forces and gener- 
alized coordinates. The most widespread are the isobaric heat 
capacity 


ðs 
co=T (sr), (5.100) 
and the isochoric heat capacity 
Os 
Ger (r) (5.104) 
Since according to (2.6) 
Os ðs oh 
(ar), =( a), (a), (5:102) 
and 
ðs Os Ou \ 3 
(or ).= (F) (FF) One) 
and from (3.29a) and (3.26a) it follows that 
Os 1 
(se) =F (5.104) 
and 
ôs) _ 1 r 5 
(Z), =F (5.105). 
we can write (5.100) and (5.101) as 
Oh = 
cr=(5r), (5.106) 
and 


o= (F) (5.107). 
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5.3.2. In Chap. 7 we will introduce the concepts of the heat capac- 
ity along the boundary curve, c,, and the heat capacity of a two- 
phase mixture, c,. 

5.3.3. We can find the equation that links the heat capacities cy 
and c, by the following method. 

In accordance with Eq. (2.71) we write 


(T) = (ar) t (So (a): (5.108) 
We replace the derivative (0s/dv) 7 via the Maxwell equation (4.3) 
thus: 
(= a= (er), ` 


Combining (5.100) and (5.101), from (5.108) we obtain 


cp eo=T (SE) (EF) (5.109) 
Obviously, by means of (2.68) this relations can be written 
cp e=—T (2) (F (5.110) 
or 
ep == —T (Sr), (Fe) 6.111) 
For an ideal gas, whose state is described by the ideal-gas equation 
pu = RT, (5.112) 
the above relations imply that 
Cp —C, = R, (5.113) 


which is known as Mayer’s formula. Equations (5.109) through 
(5.141) are often used in calculating the heat capacity c, in terms 
of the known values of the heat capacity cp, when it is difficult to 
determine cy experimentally. 

5.3.4. Taking into account (2.6), we can transform Eq. (5.100) to 


coor (2), (2), 6.114 
Combining this with the Maxwell equation (4.2a), we find that 

ep=T (3). (Sr), (5.115) 
In a similar manner, from Eq. (5.101) written as 

=T (3p) (ar). (5-416) 
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and the Maxwell equation (4.1a) we obtain 


«= =T (Sr), (aF). Enn 


Equation (5.415) enables us to reveal the thermodynamic meaning 
of an empirical relation known in solid-state physics as the Grünei- 
sen relation. It follows from this relation that the bulk thermal 
expansion coefficient for metals, 


1 ôv 
a= (Fr) (5.418) 
in a wide temperature range is uniquely related to their isobaric 
heat capacities: 


a = cp, (5.419) 


where 9 is a constant characteristic of each metal. The relation 
between cp and æ is clearly seen from Eq. (5.115), which can be 
written as 
1 ôT 
a= -r (F>),¢p- (5.120) 
If we compare (5.120) with (5.119), we see that the quantity 
(4/vT) (@T/dp), remains constant for those metals for which the 
Griineisen relation is valid. 


5.3.0. We can obtain one more equation relating cp and c, in the 
following way. If we divide Eq. (5.115) by Eq. (5.417), we have 


2a ae), ae) he (5,424) 
Combining this with (2.6) and (2.68), we find that 
(4),-2 (2) 6.1% 


5.3.6. Taking the partial derivative of (5.11) 
oh dv 
(a)r =r- (ar), 


with respect to temperature at p constant, we have 


O*h 62v 
SF =T (5), (5.123) 


Since the value of a mixed derivative does not depend on the order 
of differentiation, we see that 


spar ={ + (33) I la lor 1 f (5.124) 


118 The Differential Equations of Thermodynamics 


whence combining (5.124) and (5.106) from (5.123) we obtain 


eee 2% 


This relation determines the variation of the heat capacity cp with 
the pressure on an isotherm. 

In a similar manner, if we differentiate Eq. (5.2) with respect to 
temperature at v constant, 








fiat (BR), 6.120) 

and bear in mind that 
Breie e 

and (5.107), we obtain 
(3e) =T (Gee) (5,428) 


which is a relation determining the variation of c, with the volume 
on an isotherm. 
From (5.125) we see that 


ð?r 


p 
cp (P, T) =Cp (Por r)— P| (rz), dP- (5.129) 


Po 


This relation determines the variation of the heat capacity cp on 
an isotherm, with the pressure increasing from pọ to p 

In the same manner, from (5.128) there follows the relation that 
determines the variation of the heat capacity c, on an isotherm, 
with specific volume increasing from e to v: 


c, (vi TJ=c, (Vo nerf Ga E att ) of dv. (5.130) 


Va 


Equations (5.129) and (5.130) are widely employed in calculating 
the thermodynamic properties of substances. For one, if we know 
the heat capacity of a substance at low pressures, these equations 
enable us to calculate the heat capacity at high pressures by the 
given data on the p, v, T-dependence of the substance. They also 
allow us to calculate the heat capacities of a condensed phase where, 
as is known, the value of the heat capacity is affected very little 
by the pressure, e.g. atmospheric pressure (the experiment for finding 
the heat capacity at atmospheric pressure is simple and accurate). 
Due to this, the calculation of the heat capacity of a condensed 
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phase at high pressures is far simpler than a calorimetric experiment 
with such a state of substance. 

The situation is the same when we calculate the heat capacity of 
a substance in a gaseous phase at high pressures. Now we can write 
Eqs. (5.129) and (5.130) in a more convenient form 


P 
cp (P, T)= cp, (1)—T | (Ser), dP (5.131) 
0 
and 
c (V, T) =c» (T) + r (SE) dv (5.132) 


where we denote by cp, (T) and co„(T), respectively, the constant- 
pressure and constant-volume heat capacities of a substance in an 
ideal-gas state. The first term on the right-hand side of this equation 
is the part of the heat capacity of a real gas that depends only on 
temperature (the heat capacity of an ideal gas) and, consequently, 
independent of pressure; the second term is the part that depends 
on pressure. In Sec. 5.1 we pointed out that the caloric properties of 
a substance in the ideal-gas state can be calculated with high accu- 
racy by quantum-statistics methods on the basis of the data on 
the molecular structure of the substance. 

5.3.7. Equations (5.125) and (5.128) enable us to solve the inverse 
problem; namely, we can calculate thermal quantities in terms of 
the known values of cp or cy. 

Double integration of Eq. (5.125) yields 


i To) 


v(p, T)=v(p, Tr) + (Se) (T-T) 


TT 
-| (2), (aT), (5.133) 


To To 


where v (p, T) is the specific volume of a substance at a given pres- 
sure p and temperature T, and v (p, To) and (dv/dT)?:T) are the 
quantities in the initial state with the same pressure p ‘but different 
temperature To. 

In a similar manner double integration of (5.128) yields 


pU T)=p (vs To) + (SE) (LT) 
T T 
—j \- (3), (aT)?, (5.134) 


To To 
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where p (v, T) is the pressure at the given specific volume and tem- 
perature, and p (v, Tọ) and (ap/dT)$’™ are the quantities in the 
initial state with the same volume v but different temperature Tọ. 

We note that these relations are interesting not only from the theo- 
retical point of view. In 1932 A. Knoblaugh and others compiled 
tables of water vapor specific volumes on the basis of the data (avail- 
able at that time) on the isobaric heat capacity of water vapor; it 
was the most unusual case in the history of thermodynamic investi- 
gations when scientists had data on the heat capacity cp that was 
more accurate than that on water vapor specific volumes. 

0.3.8. By the known values of the heat capacities cp and c, we 
can easily determine the change in the enthalpy and internal energy 
of a substance for p and v constant: from (5.106) and (5.107) we 
See that 


T 
h(p, T)=h(p; To) + fey dT (5.135) 
and 3 
3 T 
u (v, T)=u (v, Toà) + fe dT, (5.136) 
To 


where h (p, To) andu (v, To) are, respectively, the enthalpy and inter- 
nal energy of a substance in an initial state with the same pressure 
and specific volume but different temperature. 

We see that the values of ho (T) and u œ (T) from Eqs. (5.21) and 
(5.22) are related to cro (T) and Cy,, (T) by the following equations: 


T 
ho (T) = hy (0) + fen. (7) dT (5.137) 
and 3 
T 
uo (T) =u (0) + \ er (T) dT. (5.138) 


Here h, (0) and u~ (0) are, PE A the enthalpy and internal 
energy of an ideal gas at T = 0 K; this temperature is usually taken 
as the reference point for h, and u æ. 

5.3.9. To compute the derivatives (du/dT), and (ðh/ð T), we give 
two more equations related to the heat capacities c, and cp. 

In accordance with (2.71) we can write 


(ar).= (ar), t (a)r (Gr), 6:139) 
0 


(3r).=(3),+ F). (5.140) 


and 
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Combining these relations with (5.2) and (5.11), respectively, we 
obtain 


(a). =e t [T (ar). e] (ar), 6440 
and 
(a) t [T (ar) (ar) 62 
5.3.10. Finally, we write (5.42) and (5.54) as 
c= —1s(F) (5.443). 
and 
cp= —Ts (=). (5.144) 


These interesting equations relate isochoric and isobaric heat capac- 
ities to the derivatives that characterize the variations of the iso- 
choric-isothermal (for v constant) and isobaric-isothermal (for p con- 
stant) potentials with. entropy. 


5.4 Equations for Entropy 


5.44. The variation in entropy with the thermal quantities 
(p, v, T) is given by the Maxwell equations discussed in Chap. 4 


().=—-(#). (4.1a) 
(5), ($F), (4.2a). 
(h= (or) (4.3) 
(e)e=— (ar), (4.4) 
and the relationships 
(+) =F (5.100a) 
(sr) T (5.1018) 


5.4.2. Equations (4.4a) and (5.101a) imply that the change in 
entropy in an isochoric process is defined by the equation 


p2 
s(v, p2)—s(v, p) = — \ (Fr). ap (5.145) 


Pi 
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or 
Ts 
s(v, T2)—s(v, T,)= \ 2a; (5.146) 
Tı 


here p, and T, are the state parameters at the initial point of the 
isochoric process under consideration, and p, and T, at the termi- 
nal point of the process. We see that the changes in entropy, cal- 
culated via (5.145) and via (5.146), are the same. This becomes 
obvious, for instance, if we compare the right-hand sides of these 
equations combined with (5.147). 

Similarly, from (4.2a) and (5.100a) it follows that the change in 
entropy in an isobaric process is defined by the equation 


D2 
ô |g 
s (p, v) —s (p v) = | ($), 2 (5.147) 
U1 
or 
Ts 
s(p,T2)—s(p, T) = | £ dT; (5.148) 
Tı 


here v, and 7, are the parameters at the initial point, and v, and 
T, at the terminal point of the isobaric process under consideration. 
From (5.115) we see that the right-hand sides of these relations are 
equal. 

From (4.3) and (4.4) we finally obtain for the change in entropy 
in an isothermal process 


T2 


S vise? vs \ ($F) av (5.149) 
or ! 
P2 3 
s(T, p2)—s(T, ps) = — | (FF), 40, (5.450) 
Pı 


here p, and v, determine the initial point of the isothermal process, 
p, and v, the terminal point of the process. We see from (2.68) that 
the right-hand sides of these equations are equal. 

5.4.3. From (1.27a) 


T ds = du + pdv 
it follows that 


()=4 6.181) 
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while from (3.28a) written as 


T ds = dh — vdp (5.152) 
it follows that 
Os v 
(+), =F. (5,153) 


These relationships are used for calculating the change in entropy 
in processes with u constant and 2 constant, respectively. From (5.151) 
we see that 


S (Wl, Ug) —S (UL UY -Í -dv : (5.154) 


(integration is carried out along is line u = const), and from (5.153) 
P2 

s(h, p)—s (h, p)=— | ap (5.155) 
PL 


{integration is carried out along the line k = const). 
Finally, from (5.105) 


2) a 
( ôkhlo T 
and (5.104) 
( ôs) t 
ôh |= T 
it follows that 
uz 
s (uzv) —s (un v)= | -du (5.156) 
and - 
he 
s (hz p)— (hy, p)= \ adh. (5.157) 


hy 


In the first relation the integral is taken along anjisochore and in 
the second along an isobar. 


5.5 Other Important Partial Derivatives 
of Thermodynamic Functions 


5.0.1. Let us formulate some important relationships that deter- 
mine the derivative (dv/dp), and the inverse, (dp/dv),. 
In accordance with (2.71) we can write 


(sr). =(de)2+ (47), (G).- (5.158) 
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In accordance with the Maxwell equation (4.2), 


(aha 


Here the derivative (ôv/ôs)p, according to (2.6), can be written as 


(=) = (a), (F) (5.459) 
or, combined with (5.100a), 
(=). aa Cp ~ ( re (5.160) 
If we combine (4.2) with (5.160), from (5.158) we obtain 
(2) =(2) +a (F),- (5.464) 


In a similar manner we can write 


(SE) (i) +() ($8). ST) easy 


From the Maxwell equation (4.1) o 
ôT ore Op 
(ahe (a) 
where, in accordance with (2.6), we can write 
Op\ __ {4p or 
(3), = (37), (Se). (5:163) 
we find, combining this equation with (5.101a), that 
Op\ __ T /( Op 
(h= Gr), (DARD 
and from (5.135), (4.1) and (5.137) we obtain 
Op\ __{ 4p T { Op 
(a) = (Se )e—z (ar). (5.165) 


Equations (5.161) and (5.165) are rarely mentionedyin the litera- 
ture. But these relations are very useful for certain thermodynamic 
calculations, as we will show in Chap. 7. 

5.0.2. In thermodynamics we use the concept of the so-called ther- 
mal coefficients which are defined thus: 

the coefficient of isothermal compressibility 


fr=—-— (3). (5.166) 
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the coefficient of adiabatic compressibility 
1 ô = 
B= —-- (57), (5.167) 


aud the bulk thermal expansion coefficient (which was defined 
in Sec. 5.3, Eq. (5.118)) 


= (+) 
g= v ôT p` 


5.5.3. The Joule-Thomson coefficient is defined by the relation 
oT 
e= (F) (5.168) 


This quantity shows the variation of fluid temperature with pressure 
in adiabatic throttling (we note that the adiabatic throttling proc- 
ess occurs at constant enthalpy). 

Obviously, in accordance with (2.67) the derivative (ôT/ðp), can 


be written thus: 
(S5),.= — (=), R (5.169) 


If we replace the derivatives on the right-hand side of this equa- 
tion by (5.106) and (5.11), we obtain a relation that defines the value 
of the Joule-Thomson coefficient: 


p= r(Ẹ) e] (5.170) 


We know that adiabatic throttling (for the states where uœ 0, 
which is the region below the Joule-Thomson inversion curve) is 
used for gas cooling. An effective method of gas cooling is reversible 
adiabatic (i.e. isentropic) expansion of a gas (without external 
work); this effect is defined by the coefficient of adiabatic expansion 


ôT 
u, = (F). (5.171) 
From the obvious relation 
ôT Op ôs \ 2 
(alarh ae 
combined with (5.100) and the Maxwell equation (4.4a), we see that 
T /@ a 
w= (rie (5.173) 


Comparing u and p, enables us to establish which of the two meth- 
ods of gas cooling is more effective. From "(5.170) and (5.173) 
we see that 


le — p = v/ep. (5.174) 
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Therefore, always 
bbe > H, (5.175) 


i.e. adiabatic expansion is the more effeclive method of gas cooling. 
5.5.4. We know that in the process of adiabatic expansion of 
a real gas inlo vacuum (the Joule process), with the internal energy 
kept constant, the quantity (07/dv), is of great importance. It 
shows how the gas temperature changes in the process and can be 
defined in the following way: according to (2.67) we can write 


elu (ae) ae (5.176) 
Combining this with (5.107) and (5.2), we obtain 
(h= p—T (xP), |. (5.177) 


5.6 The Differential Equation of an Isentrope. 
The Laplace Equation 


5.6.4. Let us formulate the differential equation for an isentropic 
process. Equation (3.28a) 


dh = T ds — vdp 


yields for the process under consideration 


(2) =—0( 2), 5.178) 
Combining this with (5.7), we obtain 
ea (5.179) 


which is the equation of an adiabatic (isentrope). 
Let us introduce the notation 


k= (2). (5.180) 


Du js 


Here k is the exponent of the isentropic process (or adiabatic expo- 
nent). Then (5.179) becomes 


k= —2( 22) (5.181) 


This relationship is widely used to calculate the adiabatic exponent 
for a substance in various states. 
5.6.2. If we combine (5.122) with (5.181), we find that 


kee — <2 2 (2 m (5.182) 


Ov 
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From this and (5.108) it follows that for an ideal gas 
ka, (5.183) 


Cy 


Next, using Eq. (5.165), we can write (5.181) thus: 


eez [ERR] eso 


5.6.3. Obviously, Eq. (5.181) can also be written in the following 
form: 





e= — (388), 6.185 


Integrating this relation between the points 7 and 2 on an isentrope, 
we obtain 

T2 

In =~ \ kd lnv. (5.186): 
Pi 

vı 
The value of the adiabatic exponent A varies with the state param- 
eters; it differs considerably for different phases of the substance. 
If the adiabatic exponent k is kept constant throughout a multitude 


of the system’s states (between the points Z and 2), it is clear from 
(5.186) that 


In 22— —k ln 22, (5.187) 
1 


Py v 
From this relation it follows, for one, that 


pv" = const. (5.188) 
This relation (which is valid provided the adiabatic exponent is 
kept constant) is known as the Poisson adiabatic equation. But if 
in the range of states under consideration the adiabatic exponent 
varies with the state parameters and we know the behaviour of k 
on an adiabatic, we can calculate p, in terms of the given pı, vi 
and v, by Eq. (5.186). 
5.6.4. The thermodynamic velocity of sound, a, is defined by the 


Laplace equation 
3 
a= V | > ia (5.189) 


where p is the density of the substance; since 
p = ihv, (5.190) 
we have 


a=) —v (22) (5.191) 
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This combined with (5.181) yields 


a=V kpv, (5.192) 
and combined with (5.165) also yields 
a Op 
axvy + (Y - (2), (5.193) 


5.7 Basic Thermodynamic Equations for Flow Processes 


5.7.1. In Chap. 1 we noted that the equation of the first law of 
thermodynamics for the flow of a liquid or gas is written thus 


(Eq. (4.16)): 
dg = dh + wdw + gdz + dltech + laiss: 


where w is the flow velocity, z the height, hech the technical work 
done by the flow, laiss the dissipative work (e.g. the work done by the 
flow in overcoming frictional forces), and g the acceleration of 
gravity. 

We recall that the heat q in Eq. (1.16) consists of two parts: the 
heat brought into the flow from outside (or rejected from it to the 
surroundings), gext, and the dissipative heat, gaiss; and that gaiss 
is equivalent to laisse Hence, we can write Eq. (1.16) in the form 
(1.18): 


dqext = dh + wdw + gdz + Alicia 


This equation is valid both with and without friction in the flow. 

5.7.2. Let us consider a particular case of a flow, when a portion of 
the flow considered is on one level and, therefore, dz = 0 and when 
there is no technical work and this work is not brought into the 
flow from outside (dleen = 0). For this particular case Eq. (1.18) 
assumes the form 


Agexy = dh + wdw. (5.194) 


For the majority of technologically important problems the case 
of greatest interest is that of adiabatic flow, i.e. a flow without supply 
and rejection of heat from outside (dgext = 0). For this case (5.194) 
assumes the form 


dh + wdw = 0. (5.195) 
This implies that if an adiabatic flow accelerates (dw > 0), its 
enthalpy decreases (dh < 0), and vice versa. Hence, the acceleration 


of an adiabatic flow occurs at the expense of its enthalpy. 
Further, Eq. (5.194) combined with (4.14a) can be written as 


dgex, = du + d (pv) + wdw. (5.196) 
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We compare this relation with the equation of the first law of 
thermodynamics in the ordinary form (1.10a) 


dq = du + pdv. 


We see that Eqs. (5.196) and ({.10a) are essentially the same, 
only expressing differently the first law of thermodynamics: (1.10a) 
represents the law in the most general form (for simple systems) 
while (5.196) specifies the particular case where the simple thermo- 
dynamic system is a fluid in flow. Then 


pdv = d (pv) + wdw, (5.197) 
Taking into account 
d (pv) = pdv + vdp, (5.198) 
we find that 
wdw = — vdp. (5.199) 


The above derivation shows that Eq. (5.199) is valid for a flow in 

any conditions of addition (rejection) of heat: when there is no fric- 

tion, the flow is horizontal and the technical work is zero. This equa- 

tion implies that if the pressure drops along the path of flow (dp < 

<0), the flow velocity increases (dw >> 0) and vice versa. 
Finally, from (5.195) and (5.199) we see that 


dh = vdp. (5.200) 


Since (5.195) is valid only for adiabatic flow without friction, the 
same is true for (5.200). 

Equations (5.194), (5.195), (5.199), and (5.200) are the basic rela- 
tions for horizontal flow without the technical work. 

5.7.3. A differential equation very important in an analysis of 
adiabatic flow (horizontal flow without technical work) can be 
obtained in the following manner. 

The continuity of the flow implies that for a stationary flow the 
fluid flow rate G is the same in any cross section of the flow; G = 
= const. Since for a flow in a channel of any cross section 


G = w3/v, (5.201) 


where 2 is the area of the channel’s cross section, we have for 
G constant 


lai an (5.202) 


2 v w ° 


In hydrodynamics this relationship is termed the continuity equation. 
9—0427 
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For the case under consideration (horizontal flow without techni- 
cal work) this equation can he transformed in the following way. 
From (5.199) we see that 


= —— dp (5.203) 


(note that (5.199) is valid only for the flow without friction). 
Equation (5.181) for adiabatic flow (s is const) can be written as 


dv 1 5 


v 


If we substitute (5.203) and (5.204) into (5.202) and assume that 
in accordance with the Laplace equation (5.192) 


kpv = a’, (5.205) 
we obtain 
dÈ d? —w? S i 
ee (5.206) 
or, which is the same, 
d= 1/1 E 
Z =y (an!) aP (5.207) 


Here M = w/a is the Mach number (the ratio of the flow velocity 
to the local speed of sound). This equation relates the change in the 
area of the channel’s cross section (for adiabatic horizontal flow with- 
out friction and technical work) to the change in flow pressure and 
to the Mach number. lf in (5.207) we replace dp by (5.204) and com- 
bine the result with (5.205), we obtain an equation that shows the 
variation of the area of the channel’s cross section with the flow ve- 
locity and M: 


dd ə 4\ aw z 
Z= M1), (9.208) 


Equations (5.207) and (5.208) enable us to analyze a horizontal 
adiabatic flow without the technical work in channels with variable 
cross sections. 

For subsonic speeds (M < 1), the convergence of a channel 
(dx < 0) corresponds to a decrease in pressure in the flow along the 
channel (dp < 0). Here the velocity of a fluid increases (dw > 0) as 
the channel converges. If the channel diverges (dX > 0), the pres- 
sure along it increases (dp > 0) and the velocity decreases (dw < 0). 

For supersonic speeds (M> 1), the sign of these effects changes; 
namely, if the channel converges (dÈ < 0), the pressure in the flow 
increases (dp > 0) and the velocity of the fluid decreases (dw < 0), 
while if the channel diverges (dX > 0), the pressure decreases along 
the flow (dp < 0) and the velocity increases (dw > 0). 
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These modes of acceleration and deceleration of a flow are used 
in well-known devices: subsonic and supersonic adiabatic nozzles 
and diffusers. 

5.7.4. Let us now examine a case important from the standpoint 
of practice of adiabatic flow without friction and external work, the 
case of the flow of an incompressible fluid. 

Since the flow takes place at dg = 0. laiss = 0, and liech = 0, we 
can write Eq. (1.16) as 


dh + wdw + gdz = 0. (5.209) 
From the equation of the first law of thermodynamics (1.10a) 
dq = du + pdv 
we can see that in adiabatic conditions 
du = — pdv, (5.210) 


and for an incompressible medium (v is constant) in adiabatic con- 
ditions 


du = 0. (5.241) 
Next, combining (1.14a) with (5.209), we find that 
du + pdv + vdp + wdw + gdz = 0. (5.212) 


If we bear in mind that for an incompressible medium dv = O and 
combine this relation with (5.211), we obtain for this particular case 
of an incompressible fluid flow 


udp + wdw + gdz = 0, (5.213). 


or, since v = t/p, 
dp +- pwdw + pgdz = 0. (5.314) 


This equation, which is written for the first law of thermodynamics 
for the adiabatic flow of an incompressible fluid (without friction), 
is known as Bernoulli’s equation (in differential form); in hydrody- 
namics this equation is derived from Newton’s laws. 

5.7.5. In Sections 5.7.2 through 5.7.4 we considered tlie cases of 
flow important for practice; but these are only particular cases. In 
all these cases we assumed that, first, technical work is not performed 
in the flow and is not done on it and, second, the flow is horizontal 
(except the case considered in Sec. 5.7.4), i.e. dz= 0. Here Eq. (5.195) 
is valid only for adiabatic flow, (5.199) for flow without friction, 
(5.200) for adiabatic flow without friction, (5.207) for adiabatic 
flow, and (5.208) for adiabatic flow without friction. 

Let us now formulate the equation in the most general case, i.e. 
for a flow without the restrictions imposed on the above-mentioned 
relations. To this end we examine the differential equation of the 


9% 
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first law of thermodynamics for a flow in its general form, (1.16), 
and express dh via (1.14a): 


dq = du + d (pv) + wdw + gdz + dleen + dlaiss- (5.215) 
Replacing dq by (1.10a), we obtain 
vdp + wdw + gdz + dleen + daisy = 9. (5.216) 


(We note that for the case of horizontal flow without friction and 
technical work this relation is transformed to (5.199).) 

The differential dp from Eq. (5.216) can be written, in accordance 
with (2.24), as 


dp = (32) dv+ (<2) as. (5.217) 
Next, according to (4.1), 
Ga) al 


while according to (2.6) the derivative (07/dv), can be written as 


oT \ _ oT op 
(2)=(4),(2). 5213 
The derivative (ôT /ôp)s can then be replaced via Eq. (5.115), which 
cantbe written as 
oT T {ðv ro; 
(a) .= a (ar), eee 
If we combine (5.248) with (5.219), we find that (4.1) can be trans- 
formed to 
Op\ __ T | ðv Op z 
(aher eee: ee 
From (5.217) it then follows that 
an OP fe pe 5.224 
dp (35 ) [| ae Cp (Fr ) as |. ( ) 
From (5.191) we see that 
Da ger EA 222 
a ==) Ce 


Since according to (1.17) for the flow 


dq = Wext + Wars» 
taking into account (4.20a) 
dq = T ds 
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we can write! 


ds = Mest Hass ; (5.223). 
Finally, we express the differential dv from (5.221) in terms of the 
continuity equation (5.195): 


dav (FE), (5.224) 


If we consider Eqs. (5.222) through (5.224) and notation (5.118), 
from (5.221) we obtain 

o [ a= i 3 

vdp = — a? (+E = a (dgext + dgaiss) | . (9.229) 


Substituting this relation into (5.216) and taking into account that 
qoiss = laiss and w/a = M, we obtain 


a 


dw _ dI 
cp 


2 j | 
(AI? — Hr r S ext — a Altech — ( 


] s 
+=) dlaiss— dz. 
(5.226) 


This equation, obtained by L. Vulis, enables us to draw interest- 
ing conclusions about possible means of accelerating the flow. 

If gext = 9, leen = 9, laiss = 0, and z = const, Eq. (5.226) is 
transformed to (5.208) which describes the mechanism of change of 
the flow velocity in a standard nozzle (sometimes called geometri- 
cal nozzle) discussed in Sec. 5.7.3. 

If the cross section of the channel is constant (È is constant) and 
liech = Ô, laiss = 0, and z = const, but there is an influx or re- 
jection of heat, Eq. (5.226) implies that 


dw 


w 


(M2- 4) = — £ dgext (5.227) 


Since always cp > 0 and, as a rule, a> 0, it follows that at subso- 
nic flow velocities (M < 1) addition of heat to the flow (dgex4 >> 0) 
results in acceleration (dw >> 0), while rejection of heat from the 
flow results in deceleration. Correspondingly, in supersonic flow 
(M> 1) addition of heat results in deceleration and rejection results 
in acceleration. The principle of a heat nozzle, a channel in which 

1 Concerning Eq. (5.223) the following question may arise. In Chap. 1 we 
noted that Eq. (1.20a) is valid only for reversible processes. But processes of 
energy dissipation, as a result of which the heat qajss is liberated, are essentially 
irreversible. What is the meaning of Eq. (5.223) then? The answer is that it is 
valid for a reversible process; here we tacitly assume that gaiss is not the heat 
liberated as a result of friction but the heat equal in value to qayss, Which is 
reversibly supplied to the flow from the surrounding medium (apart from the 
heat gext brought in from the medium). 
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addition or rejection of heat results in acceleration of the flow, is 
based on these conclusions. 

If È is constant and gex, = 0, laiss = 0, and z = const and the 
flow performs technical work (or this work is performed on the flow), 
from (5.226) we obtain 


(M?— 1) 2 — — S dhen: (5.228) 


We see that in these conditions a subsonic flow (M < 1) performs 
technical work (for instance, rotating a turbine) and is accelerated 
(dw > 0). Correspondingly, if technical work is performed on the 
flow, this results in deceleration of the flow. In a supersonic flow 
(M> 1) the processes are reversed. These principles are utilized 
in the so-called mechanical nozzle, a heat-insulated channel in 
which a subsonic flow is accelerated at the expense of the work done 
on the turbine-wheel blades and a supersonic flow is accelerated due 
to a blower rotated by an external source. 

If È} is constant and gext = 9, ltech = 0, and laiss = O but the 
channel is not horizontal (dz =Æ 0), then from (5.226) it follows that 





(M2—1) = — £ az. (5.229) 


This relation implies that a subsonic flow of a gas (M < 1) moving 
upward (dz> 0) is accelerated (dw>> 0) and a supersonic flow 
(M> í) moving upward is decelerated. These conclusions are of 
interest when we analyze the processes of natural gas discharge from 
a well (whose section is constant along the height). 

If = is constant and gext = 0, liech = 0, and z = const and there 
is energy dissipation due to friction in the flow, Eq. (5.226) is trans- 
formed to 


dw G a0 1 

(M2— 1) == (2-3) Blass (5.230) 
We note that unlike the differentials dX, dgext, dhecn, and dz in 
Eq. (5.226), which can be both positive and negative, the work of 
overcoming frictional forces can only be positive (dlaiss > 0). We 
see from (5.230) that a subsonic adiabatic flow with friction in a 
horizontal channel with a constant cross section is accelerated 
(dw > 0). Obviously, such flow can be accelerated to sound veloc- 
ity, in principle, but cannot exceed it, since we would have to re- 
ject heat from the flow and we have already noted that laiss is always 

positive, in both subsonic and supersonic flow. 
Finally, let us examine the case where È is constant and gx, = 0, 
lass = 0, and z = const, but gas consumption in the channel 
varies. We can change the consumption G by flowing or suction of the 
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gas through holes in the lateral surface of the channel. For this case 
(G not constant) from (5.201) it follows that 


7p aS, dw dG B 

dv =v (> 2E) 7 (5.231) 

If we substitute this relation into (5.221) instead of (5.224), we ob- 
tain from (5.216) for the case under consideration 


oe—1) =E, 


, (5.232) 


This relation implies that the subsonic velocity of the flow (M < 1) 
increases with increasing consumption (dw> 0 for dG> 0), and 
the supersonic velocity of the flow (M œ> 1) increases with decreas- 
ing consumption (dw > 0 for dG < 0). 

Equations similar to Eq. (5.226) for the flow velocity can also 
be derived for pressure, temperature, and specific volume of the 
flow of a fluid. 


6 The Discontinuities 
of Thermodynamic 
Quantities on Boundary 
Curves 


6.1 Crossing Boundary Curves: Salient Points and 
Discontinuities of Thermodynamic Functions 


6.4.1. We know that at different values of the external parameters 
a substance can be in various physical states. These may be the var- 
ious phases of a substance (i.e. solid, liquid, or gaseous), the various 
allotropic modifications of a solid substance, the superconducting 
and normal states of a superconductor, the various states in ferro- 
magnets (ferromagnetic and paramagnetic), antiferromagnets, ferro- 
electrics (ferroelectric and dielectric), or liquid helium (helium I 
and helium II). 

The curves that separate the domains of different physical states 
of a substance on the thermodynamic state surface of a substance 
are called boundary curves:. Thus on one side of a boundary curve the 
substance is in one physical state, and on the other it is in another 
state. Consequently, when a boundary curve is crossed, the proper- 
ties of the substance change. Experiments have shown that this change 
is usually of an abrupt discontinuous nature; many thermodynamic 
quantities undergo a so-called discontinuity of the first kind on the 
boundary curve. 

From thermodynamics we know that the chemical potential of a 
substance @ remains continuous while crossing a boundary curve; 
the coexisting phases always have equal values of @ in addition to 
temperature and pressure. As for the other thermodynamic quanti- 
ties, their changes depend on the type of phase transition on the 
boundary curve: the discontinuities are either in the first deriva- 
tives of the chemical potential (v and s, for instance) and its higher- 
order derivatives or only in the second and higher-order derivatives 
while the first derivatives are continuous (the question of different 
types of phase transitions is discussed in detail in the following 
chapter). 

Obviously, if a thermodynamic function undergoes a discontinuity 
of the first kind while crossing the boundary curve, its antideriva- 


l In thermodynamics it is customary to designate the lines that separate the 
region of a two-phase state of a substance from one-state regions as boundary 
curves (left and right); the other boundary curves (for instance, the line of phase 
transition in a p, 7-diagram) are usually called curves (or lines) of phase tran- 
sition. Naturally, this is not a matter of principle and in the future we will use 
exclusively the term boundary curve. 
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tive at the point of transition through the boundary curve has a 
salient point. For example, an isentrope in the p, v-diagram has a 
salient point where it intersects a boundary curve, while in the 
(Op/dv),, v-diagram an isentrope has a discontinuity of the first kind 
at this point (see Fig. 6.1, where (a) is a p, v-diagram and (b) a 
(dp/dv),, v-diagram). 

6.1.2. We see that on the thermodynamic state surface of a given 
substance each boundary curve is uniquely fixed. But if the line is. 
fixed on the state surface, any thermodynamic quantity at each 


Op 
P p a A 
ðu ss S=-const 
Ja 
ns 5 
u” v v” v 
(a) (b) 


Fig. 6.1 


point of this line is a function of only one variable. This can be 
demonstrated by a simple example. Figure 6.2 shows a line in the 
x, y, Z space belonging to the surface z (z, y). If the value of one var- 
iable is fixed (for instance, y = yo), then, as is clear from Fig. 6.2, 
there is a point on this line, a, uniquely fixed by the other two coor- 
dinates (x = xz) and y = yo). We see that each of the two variables. 
(zand y, zandz, yand z) is uniquely related to the other. For instance, 
let us examine in p, v, T-coordinates the right boundary curve 
separating the region of gaseous state of a substance from the two- 
phase, liquid-vapor, region. If the temperature T is given, the va- 
lues of pressure p and specific volume v” are uniquely specified at a 
given point on the boundary curve; if p is given, T and v” are uni- 
quely specified; and if v” is given, p and T are uniquely specified. 

If we take the projection of this line on any of the three coordinate- 
planes, we see that since a thermodynamic quantity on this projec- 
tion is, naturally, a function of one variable, its derivative with 
respect to this variable is total (and not partial). Thus, in the v, T 
plane the derivative of v” with respect to T is the total derivative 
dv”/dT , in the v, p plane the derivative of v” with respect to p is the 
total derivative dv”/dp, and in the p, T plane the derivative of p 
with respect to T is the total derivative dp/dT. 
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We can write these derivatives as partial, but then we must bear 
in mind that the derivatives are taken along the right boundary 
CUIVE: 





a= (=) a = (2) P= (7) 

dT = OT richt ? dp an Op right d dT = oT boundary” 
boundary boundary curve 
curve curve 


(6.1) 


Sometimes we can sec such notation in the literature. 

6.1.3. It is interesting to obtain differential equations that deter- 
mine the value of the discontinuity of a function crossing the boundary 
curve. The general method of obtaining such relations is as follows. 





Fig. 6.3 


Let us examine Fig. 6.3. Here a-b is a boundary curve on the ther- 
modynamic state surface. The line y = const formed where the sur- 
face intersects the plane y = const, has a salient point at m. Hence, 
the derivative (0z/dx), changes abruptly at this point. Obviously 
(intersect the surface by the planes z = const and z = const), the 
derivatives (dz/dy),. and (dy/dz), change in a similar manner at this 
point. 

Equation (2.24) for the total differential of the function z (z, y), 


ame (Z) az+ (=). dy, 


implies that if the function changes along the curve a-b, its differen- 
tial can be calculated in two equivalent ways: we can take the partial 
derivatives in (2.24) either on one side of the boundary curve a-b 
or on the other (in Fig. 6.3 from either above the curve or below it). 
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If we indicate the partial derivatives taken on one side of the 
boundary curve by the superscript (1) and the partial derivatives 
taken on the other side by (2), we can write (2.24) thus 


az \(A) dz \(1) 
d= (=). de+ ($) dy (6.2) 
or thus 
6z \ (2) dz \(2) 
dz= (+). d+ (=). dy. (6.3) 
Hence, we can write a relation for the total derivative dz/dz in 
the form 
dz _ {dz \() oz \(1) dy 
or in the form 
dz___{ dz \(2) ôz \(2) dy 
aa (aap ap |, ae (6.5) 


Here (0z/dz);? and (ðz/ðx)ğ are the partial derivatives taken at the 
point of intersection of the line y = const with the boundary curve, 


Yo 





Ta T 
(a) (b) (c) 
Fig. 6.4 


the first of them taken on one side of the curve and the second on 
the other (Fig. 6.4a); (dz/dy); and (0z/dy)z are the partial deriva- 
tives taken at the point of intersection of the line z = const with 
the boundary curve on one or the other side of the curve (Fig. 6.4); 
dy/dx is the total derivative of the function y (xz) along the boundary 
curve (Fig. 6.4c). 

We note once more that the result of calculating the derivative 
is independent of which of the two absolutely equivalent relations 
(6.4) or (6.5) we choose. 
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If we equate the right-hand sides of these relations, we obtain 
dz \ (1) dz \(1) dy Oz \(2) dz \(2) dy > 
(EPHE R(E, 0o 


“or ly ðy lx d£ \ ax ly Oy lx dz 


whence 


dz \ (4) dz y Oz \(t) dz \(2)7 dy = 
(EP-ER om 

This relation determines the value of discontinuity of thẹ deriva- 
tive (dz/éx), crossing the boundary curve. It enables us to calculate 


the value of the discontinuity of any thermodynamic function with 
a discontinuity on a boundary curve. 


6.2 Discontinuity Equations for Thermodynamic 
Functions on Boundary Curves 


6.2.1. Instead of z, x and y we can take another set of thermodynam- 
ic quantities in Eq. (6.7). For instance, if we assume z = s, x = T 
and y = p, then from (6.7) we obtain an equation for the value of 
discontinuity in the isobaric heat capacity cp on a boundary curve; 
if we take z = T, x = p, and y = h, then we can calculate the dis- 
continuity in the Joule-Thomson coefficient on the boundary curve; 
ifz = g, x = T, and y = p, then (6.7) yields an important equation 
relating the values of discontinuities in s and v; and so on. 

The analysis of Eq. (6.7) is of the greatest practical interest for 
the cases where z, y, and z are replaced by specific entropy s, specific 
volume v, temperature T, and pressure p. 

We can easily see that z, y and z may be chosen from s, v, T, and 
p by 12 different ways listed in Table 6.1. 





TABLE 6.4 

z z y z x y Z z y Z T y 
T Pp T p v v T p p T v 

s T v T p s v T s Pp T s 

s Pp v T v s v P s P v s 


It may seem that the number of possible ways is twice that given 
in Table 6.1, since, for instance, together with z = s, xz = T,y =p 
the variant z = s, x = p, y = T is also possible. The point is that 
because Eq. (6.7) is symmetric in z and y, we obtain the same result 
by a simple interchange of z and y. 

6.2.2. Let us see what relations we can derive from Eq. (6.7) 
for each of the variants given in Table 6.1. 
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We introduce the following notations for the discontinuities of 
the derivatives (02z/dz), and (0z/dy).: 





a (=), =(4), -(&), (6.8) 
and 
a (#).=(4). -(#)- (6.9) 


(1) z =s, x= T, y = p. Equation (6.7) then assumes the fol- 
lowing form: 


ds = ðs dp 
A (5r), =i (oher (6.10) 
Since according to (5.100a) 


and according to (4.4) 


Os\ ov 
(l= n R 
Eq. (6.10) transforms to 
Z GU: aP 
A or. (6.11) 
(2) z = s, x = T, y = v. Here from (6.7) we obtain 
Os Os dv 
a (h= (a)r ar (Paa 


Bearing in mind that according to (5.101a) 


(+) aioe 
ôT lvo T 


(2) =(2) 
Ov T oT v? 


and according to (4.3) 


from (6.12) we obtain 
ze op dv 
Ac, = —TA (+) ar: (6.13) 


(3) z = s, z = p, y = v. Equation (6.7) transforms to 


A (3),=—4 (se), ae (6.14) 
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Since according to (4.1a) 


(2) = — (2), 


(a) = (ar). 
from (6.14) it follows that 


a (3r), =A (ar), a 


and according to (4.2a) 


(4) z 


Il 
= 
& 


wy _ (2) ap 
A (sr) p= —4 (ap) aT ` 
(5) z =v, x = T, y = s. From (6.7) we obtain 


a(l 


Since according to (4.3a) 
dv\ _ /ôT 
(an) ean le? 
from (6.17) it follows that 
Ov \ oT ds 
(or). =A (Fr) oa 
(6) z = v, z = p, y = s. Equation (6.7) transforms to 


Bearing in mind that in accordance with (4.2) 


(#) = (2) 
0. dp Js? 
from (6.19) we obtain ki , 


4 (a) —4 (ae) ae 


= T, y = p. Here Eg. (6.7) assumes the form 


(6.15) 


(6.16) 


(6.17) 


(6.18) 


(6.19) 


(6.20) 


(7)2=T, x =p, y =v. Here Eq. (6.7) assumes the following 


form: 
OT \ aT \ dv 
A(Z) =a (2), 8. 
(8) z = T, £ = p, y = s. From Eq. (6.7) we obtain 


A (5). =—4 (ThE. 


(6.21) 


(6.22) 
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Since, as it follows from (5.400a), 


(=) = 
Os p cp 


we can transform (6.22) to 


(Z) =n (2) 8. 62 
(9) z = T, z = v, y = s. Here Eq. (6.7) transforms to 
A(T) 5AT) (6.24) 


Since, as we see from (5.104a), 


a) =— 
er v Cy? 


from (6.24) it follows that 








oT = l ds 
a ($) =—TA eae (6.25) 
(10) z= p, x= T, y =v. Here (6.7) assumes the following 
form: 
Op Ge: Op dv 
a (ar h5 A (Gr) ar 0:20) 
(11) z = p, x = T, y = s. From Eq. (6.7) we obtain 
ap ap \ ds 
Alarh A (Ge ar (en 
Since according to (4.4a) 
ap) [2 
(5), =- Ov iB ’ 
from (6.27) we have 
ap\ _, {a )\ as 
A (ar), =4 (Gr) ar Pan 
(12) z = p, x = v, y = $. Here Eq. (6.7) assumes the form 
ap) a (22) a 
Ne a ea ee) 
Bearing in mind that according to (4.1) 
op\ ss { of 
ae ar) 


from (6.29) we obtain 
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We have 12 equations that determine the discontinuities in the 
derivatives of thermodynamic quantities; namely, the derivatives 
containing s, v, T, and p. Many of these equations are widely used 
in thermodynamics, and some we will use in the next chapter. 

6.2.3. If we examine the above equations for discontinuities of 
thermodynamic quantities on boundary curves, we can see that the 
equations containing the same values of total derivatives of thermo- 
dynamic quantities along the boundary curve can be in pairs. For 
instance, both Eq. (6.11) and Eq. (6.16) contain dp/dT, Eqs. (6.13) 
and (6.26) contain dv/d7, and so on. Grouping the equations in pairs 
according to this criterion and excluding the same total derivatives, 
we obtain a new set of useful equations. 

If we write Eq. (6.11) as 


dp =a Acp $ 
CNES (6.31) 
or ), 





and Eq. (6.16) as 


Ov 
a oTo Ov (6.32) 
alar he 
and equate the right-hand sides of these equations, we obtain 
fs ov 2 
E q | 8 (sr), > 
Ac, = mie er a em (6.33) 
s an 


In a similar manner, if we exclude dv/dT from (6.13) and (6.26), 
we obtain 


Op 2, 
iest Ls (or).J (6.34) 
a(i), 


Excluding the total derivative ds/dp from (6.20) and (6.23), we 
have 


oT \ 72 
AlL aad 6.35 
(=) ral) ( ) 


If we exclude ds/dv from (6.25) and (6.30), we find that 


s(t) - LRI 


;)=-—s (6.36) 


ap 
ra() 
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Excluding dv/dp from (6.15) and (6.21), we obtain 
av ON 22 feat. ap T 
A ( i A ( ) = A ( Op ) 4 ( z (6.37) 





ôT Ov aT 


Finally, if we exclude ds/dT from (6.18) and (6.28), we obtain 
an equation that coincides with (6.37). 

Equations (6.33) through (6.37) relate the values of discontinuities 
of different thermodynamic quantities on the boundary curve. 

6.2.4. Equations (6.10) through (6.30) can easily be grouped in 
pairs according to another criterion, namely, by the values of dis- 
continuities of the same thermodynamic quantities. For instance, 
both Eqs. (6.11) and (6.16) contain A (0v/0T),, Eqs. (6.13) and (6.26) 
contain A (dp/0T),, and so on. Grouping the equations in pairs and 
excluding the same values of discontinuities, we obtain another set 
of useful equations. 

If we exclude A (0v/0T)p from (6.11) and (6.16), we obtain 





Ov dp \2 
Acp= —TA (3r )r (ar) + (0:09) 
If we exclude A (dp/0T), from (6.13) and (6.26), we obtain 
= Op dv \2 i 
Ac, = TA (2) T) (6.39) 
If we exclude A (ôT/ôp): from (6.20) and (6.23), we find that 
1) 1, (%) (a2)? 
A (=)= FA (sp ), ( ds ) ? (6.40) 
while if we exclude A (07 /dv), from (6.25) and (6.30), we have 
ae 4 Op dv \2 
a(s)=-e4 (3), (a) - (een) 
Excluding A (dv/0T), from (6.15) and (6.18), we obtain 
dp dv ôT ds 
a (ar) =A ar) Ce) 


and excluding A (d7/dv), from (6.21) and (6.28), we obtain the same 
relation. 

Similarly, if we exclude A (0p/6T), from (6.15) and (6.28), we 
obtain 


A (sr), =4 (ZS) (6.43) 





while if we exclude A (07/dp), from (6.18) and (6.21), we obtain the 
same relation. 

Equations (6.38) through (6.43) complete the group of basic equa- 
tions relating the values of discontinuities of different thermodynam- 


10—0427 
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ic quantities crossing boundary curves and total derivatives of the 


thermodynamic quantities along these boundary curves. 


6.2.5. We know that if we consider a thermodynamic system with 
E a generalized force and w a generalized coordinate, then the equa- 


tions obtained above can be written in the following form. 


The first group of relations is 


Ac =TA (Se), 


Acw= —TA() 2, 


A (ar). =A (a) a 





A (2) =—a (=) ds 


aT V Jw dT’ 
a (E) =a (2). 
A (S) = 4 (4) 
G 





Afa hanta a a 








Al he tA rha 
č > 
A (ar hA (ahar 
A (3 4 (sr) ar 
a (55).=4 (Se) a 
The second group of relations is 
a-r EGAT 
a( 05 IT 
ra (2) Y 
fae pat A ; 
a (ae) 
T 2 
a(t)= L4 (ze). 


s dp ’ 


a(r h= a E. 


(6.44) 
(6.45) 
(6.46) 
(6.47) 
(6.48) 
(6.49) 
(6.50) 
(6.54) 
(6.52) 
(6.53) 
(6.54) 


(6.55) 
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ee jes Ea Al 


= am a) (6.59) 
a (ar) A (Fr) =—4 (Ge)04 (Ge), 60 
Finally, the third group of relations is 
aama (42), (SH), esn 
s= ta (28), (E, (82 
a (a) =74 (4), (4) (6.63) 
A (ar)=74 (ae), (Ze) (6.64) 
a (ar), = 4 (Ee) ei (6.65) 
a (T), ae! (ole (6.66) 


These equations give the values of the discontinuities of thermo- 
dynamic quantities on the boundary curves of complex systems. 


7 Phase Transitions 


7.4 A General Survey 


7.1.4. As is known, a phase is a homogeneous region in a hetero- 
geneous system and phase transition is the transfer of matter from 
one phase to another phase coexisting with the first. Matter can be 
in a gaseous, liquid, or solid phase; some solid substances have several 
phases. 

A thermodynamic analysis of the conditions of phase equilibrium 
shows that if two phases are in equilibrium, then the temperature, 
generalized force, and chemical potential of these must be equal: 


T,=T», (7.4) 

Ci = bas (7.2) 
and 

Pı = Qa, (7.3) 


where the labels 1 and 2 refer to the first and second coexisting phases. 

For the particular case of systems performing exclusively work 
of expansion (below we mainly discuss such systems), condition 
(7.2) may be written as 


Pi S Pe (7.4) 


Equations (7.2) and (7.4) imply that if the phase transition occurs 
at constant pressure, the temperature also remains constant in this 
process. 

We note that conditions (7.2) and (7.4) are met only when the 
interfacial surface has no special properties that must be taken into 
account. But if the interfacial surface has such properties (in par- 
ticular, surface tension), we can write condition (7.4) thus: 


Pı = Pot p*, (7.5) 


where př is the additional pressure on the liquid phase caused by 
surface tension. The value of p* is determined by the well-known 
Laplace equation 


p* -o (+ 4- —) i (7.6) 
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where o is surface tension, and e; and oy; are the main radii of cur- 
vature of the interfacial surface. In the case of a plane (p1 = pir = 
= oo), p* vanishes and condition (7.5) coincides with (7.4). In the 
case of a curvilinear interfacial surface, there appears a pressure 
difference between the coexisting phases defined by Eq. (7.6). 

7.1.2. The region on the thermodynamic state surface (and, con- 
sequently, on phase diagrams, which are projections of this surface 
on the coordinate planes) inside which the substance is in the form 
of a mixture consisting of two coexisting phases is known as a two- 
phase region. This region is separated from single-phase regions by 
boundary curves, which connect the initial and terminal points of 
the phase transition in phase diagrams. For the liquid-vapor phase 
transition the boundary curve on the side of the liquid is usually 
called the left boundary curve and that on the side of the vapor the 
right boundary curve. 

We have already pointed out that since inside the two-phase re- 
gion an isobar and isotherm coincide, it is clear that 


(r T =0, (7.7) 
(Ey =o, a» 
(=) =o, (7.9) 
am Gp \two-ph 4 
(2) =0. (7.10) 


Thermodynamic quantities on the boundary curves are functions 
of only one variable; for instance, the specific volume of a liquid 
on a boundary curve, v’, is uniquely 
determined by the temperature or p C 
pressure of the phase transition. 

7.1.3. In the p, T-diagram the two- 
phase region is simply a line (see 
Fig. 7.1); for the case of the liquid- 
vapor phase transition this line is 
termed the saturation line, or satura- 
tion curve. The derivative dp/dT is an 
important thermodynamic quantity, 
which gives the slope of the phase T 
transition curve in the p, 7-diagram. Fic. 7.4 
For the liquid-vapor and solid phase- ae 
vapor (sublimation) phase transitions 
dp/dT is always positive. For the solid phase-liquid phase transition 
(melting) this value can be positive for one substances and negative 
for another. The relationship between the second derivatives of 
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dp/dT with respect to temperature and of.d7/dp with respect to pres- 
sure is defined (in accordance with (2.17)) by 


ap sf dp \3 èT 
“ar? (=F) dp? (7.11) 


(we will use this relation in the future). 

7.1.4. In a phase transition the quantities that are the first deriv- 
atives of a thermodynamic potential (namely, specific volume v, 
entropy s, internal energy u, enthalpy k, and free energy f) change 
discontinuously from the value on one boundary curve to that on 
another. We discuss equations for phase transitions using the nota- 
tions for the liquid-vapor phase transition. We must bear in mind, 
however, that these relations, according to their physical meaning, 
are of a general character and valid for any phase transitions. Let 
us assume that the prime on a symbol refers to the corresponding 
quantity on the left boundary curve and two primes to that on the 
right boundary curve; when a boundary curve is not indicated, the 
quantity is labeled by a “sigma”, o. 

7.4.5. The quantities that are the first derivatives of a potential 
are known to be additive inside the two-phase region: 


vtwo-Ph — yp’ (1— z) +v"z, (7.12) 
stwo-ph — g’ (1—x)+ "2, (7.13) 
utwo-ph — y’ (1— z)+-u"z, (7,14) 
htwo-ph — h’ (1— x) + hz, (7.15) 
fivo-ph — f (1—2) +f", (7.16) 


where z is the so-called degree of dryness of a two-phase mixture, 
which is the ratio of the mass of dry saturated vapor in the mixture 
to the total mass of the mixture. Equations (7.12) through (7.16) 
imply that the degree of dryness can be expressed thus: 


pez ytwo-ph —p! = gtWo-ph nat, 


u—v sS 


s 


1 utWo-Ph_ y’ 


n + 


— s utas u’ 
ptwo-ph —h' ptwo-ph ty t - 
== ae p (7.17) 
7.1.6. Specific quantities associated only with a phase transition 
curve are: the heat capacity along the boundary curve, 





c= Te, (7.18) 
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where ds,/dT is the total derivative of entropy with respect to tem- 
perature along the boundary curve, and the heat capacity of the 
two-phase region with the degree of dryness kept constant, 


oT (E). (7.19) 


These concepts can be useful in analyzing processes in two-phase 
systems. Speaking of c,, we note that ds’/d7 is always positive and, 
consequently, c; is always positive. But ds”/dT < 0, as a rule, and 
so c < 0.1 

7.4.7. We note in conclusion that the peculiarities in the thermo- 
dynamic properties of the two-phase region result, as we will see 
from the following sections, in a wide range of interesting and ele- 
gant differential equations describing these properties. 


7.2 The Clausius-Clapeyron Equation and Its Analogs 


7.2.1. As we have noted, coexisting phases have equal chemical 
potentials g, but the specific entropy s and the specific volume v 
of the substance in a phase transition change abruptly. It is inte- 
resting to obtain a relation that connects the values of the disconti- 
nuities in s and v in phase transition. 

To do this, we use the general equation (6.7) for the values of the 
discontinuities in a transition across a boundary curve, 








(2) - (2) =[P- E. 
If we set z = 9, z = T, and y = p, we obtain 
(ar), (ar), =li) (ae) lar 720 
Since (see (3.35a) and (3.36a)) 
(BE, =e and (SE) a 
Eq. (7.20) assumes the form 
g(t) — s8) = (y(t) — v) i l (7.21) 


or 
dp ___s(2)—s(1) 
a? vOv ? (7.22) 


1 For certain substances (some hydrocarbons, for one) ds’/dT passes through 
a maximum. Consequently, for such substances cg changes its sign at that point 
on the right boundary curve at which s” attains its maximum. 
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where dp/dT is the total derivative of the pressure with respect to 
temperature along the transition curve in the p, 7-diagram, and 
s? and s the entropies at the point of phase transition on the right 
and left boundary curves. 

This equation, which relates the slope of the p, T transition curve 
and the discontinuities in entropy and specific volume at the point 
of transition, is known as the Clasius-Clapeyron equation. 

Since, as we have noted in the preceding section, isotherms and 
isobars coincide in a two-phase region, i.e. at T = const, p is always 
constant, from (3.28a) written as 


T ds = dh — vdp, 


it follows that here 
T (82 — s) == h@) — ho, (7.23) 


where 2) and h® are the enthalpies of the substance at the point 
of transition on the right and left boundary curves, respectively. 
The discontinuity in enthalpy in a phase transition is termed the 
heat of phase transition and is usually written as 


r = hd — hO, (7.24) 
Since from (7.23) and (7.24) it follows that 
sQ) — sD = r/T, (7.25) 
we can write the Clausius-Clapeyron equation as 
dp r bes 
ar Two) oy) 


The Clausius-Clapeyron equation describes different phase tran- 
sitions, such as melting, vaporization, and sublimation. 

7.2.2. If we examine a phase transition in a thermodynamic sys- 
tem performing work other than work of expansion, i.e. a system in 
which the generalized force is the parameter Ê and not pressure p 
and the generalized coordinate is the parameter w and not specific 
volume v, we can obtain an equation similar to the Clausius-Clapey- 
ron equation. 

If in Eq. (7.26) we set z = g*, x = T, and y = £, we obtain 











ap* yD ae) (2) [(4 (22) (1) ag* we Lie 
Gra Coa rae le aT ’ 


taking into account thal according to (3.75a) 


( or h=- 
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and according to (3.77a) 








we obtain 
dé = s(2) —sQ) 


aT T w@—w)* (7.27) 


Just as we did with the Clausius-Clapeyron equation, we can 

write Eq. (7.27) as 

dé r 5 

TT TOLO (7.28) 
where dẸ/dT is the total derivative of the generalized force E with 
respect to temperature along the transition curve, and (w® — w) 
the value of the discontinuity in the generalized coordinate at the 
point of phase transition. Obviously, for such thermodynamic sys- 
tems Eqs. (7.27)-(7.28) play the same role as the Clausius-Clapeyron 
equation for simple systems. 

If we want to pass from the general equation (7.27), or (7.28), 
to the equation for a given system, we must replace E and w by the 
values of generalized force and generalized coordinate for the given 
system. 

Let us consider, for example, the phase transition of a supercon- 
ductor from the superconducting state to the normal in a magnetic 
field. We recall that for the thermodynamic system, i.e. a magnetic 
substance in a magnetic field, the external magnetic field strength 
H is the generalized force and the magnetization j is the generalized 
coordinate. Hence, from (7.28) we can see that the analog of the 
Clausius-Clapeyron equation for such a system is 


dH or q a 
—S = 1.29 
aT T (jnorm— /super) ? ( ) 
where ¢H,,/dT is the slope of the transition curve in the H, T-dia- 
gram (Her is the critical magnetic field for a given superconductor), 
q is the heat of phase transition of the superconductor from the super- 
conducting state to the normal, and jporm and Jsuper are the values of 
specific magnetization in the normal and superconducting phases, 
respectively. 
We know that the (mass) specific magnetization of a superconduc- 
tor in the superconducting state is given by the formula 
: g „H 
Jsuper = a cT 3 (7.30) 
where Usuper is the specific volume of a superconductor in the super- 
conducting state. The specific magnetization of a superconductor in 
the normal state, jnorm, is negligible as compared with jguper and 
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we may neglect it in calculating the difference ( 


Jnorm ~~ Ĵsuper). 
Bearing this in mind, from (7.29) we obtain aie super) 





die; — 4ng m= 
aT a Tvsuper er ° (7.31) 


This equation for the phase transition in a superconductor was first 
obtained by W. Keesom in 1924 and is similar to the Clausius- 
Clapeyron equation for ordinary systems. 

Since the heat of phase transition, g, is positive, from (7.31) it 
follows that always 


a <0, (7.32) 


i.e. the critical magnetic field strength of a superconductor increases 
as the temperature drops. This conclusion corresponds completely 
to experimental data on the temperature dependence of Hep- 


7.3. The Phase Transition Equation 
at Different Pressures in the Phases 


7.3.1. For practical applications the cases when the coexisting 
phases have different pressures are very interesting. One example is 
the phase equilibrium with a curved interfacial surface; here the 
pressure difference between the liquid phase and the vapor phase, 
p*, is given by the Laplace equation (7.6). 

Let us now formulate the relation for such phase transitions, 
similar to the Clausius-Clapeyron equation for ordinary cases. 

We note that the required relation, unlike the Clausius-Clapeyron 
equation, must relate the derivatives dp,/dT and dp./dT, where p, 
and p, are the different pressures in the coexisting phases; it is clear 
that in the general case the variation of p, and p, with temperature 
is not the same (i.e. the derivatives dp,/d7T and dp,/dT are not equal). 
This peculiarity does not enable us to use Eq. (6.7) directly, as was 
done with the Clausius-Clapeyron equation. Nevertheless, we can 
easily derive the required relation. 

Since on the entire transition curve, in accordance with (7.3), 


fı =S P2, 


the total derivatives dọ/dT taken for each of the two phases along 
the transition curve are equal, too: 





df, _ dọ 
r= sr: (7.33) 
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Next, from (2.8) it follows that 





BHR am 
= KA L A (SE) (22)? SP a (7.35) 
aT aT |p dp |r aT ' 


We note once more that the right-hand parts of these relations con- 
tain different pressures of the coexisting phases. 

If we combine (7.33), (7.34) and (7.35) with (3.36a), (3.35a), and 
(7.25), we find that 


dp ap r 
Yeap aT =F: (7.36) 





This equation, resembling the Clausius-Clapeyron equation to some 
extent, relates the quantities dp/dT for the coexisting phases at 
different pressures. If the pressures are the same, Eq. (7.36) auto- 
matically transforms to the Clausius-Clapeyron equation (7.26). 

7.3.2. Now we consider the case where the temperature of the 
equilibrium phases is kept constant, while the pressure in one of the 
phases increases. Let us see whether the pressure changes in the other 
phase, and if it does, what is the law? 

Since, obviously (see (2.8)), 


dP, apo apy 
aT, dp, aT? (130) 








we can write Eq. (7.36) as 


dp» pepe eee 

A ae aT (7.38) 
If, as we noted above, the temperature in the coexisting phases is 
kept constant (dT = 0), from (7.38) it follows that 


ae hme v2?) 





Ve 


This important relation, known as the Poynting equation, implies 
that if the pressure in one of the coexisting phases increases (with T 
kept constant), the pressure in the second phase increases, too, and 
the change in pressure in the coexisting phases is inversely propor- 
tional to the specific volumes of these phases. 

If the two coexisting phases were at the same pressure pọ and then 
the pressure in one of the phases increased to p,, the increase in pres- 
sure in the second phase (from py to p) would be 


P3 
P2— Po= i ( ma Ve apy (7.40) 


Po 
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whence in accordance with the Poynting equation 
Pı 
= (2g 7.41 
Pa— PoS \ g, Pr (7.41) 
2 
Po 
If the ratio v,/v, does not change considerably with pressure (this 


is usually the case), we can write (7.41) lo an approximation suffi- 
cient for practical calculations as? 


Vv 


Pe — Po = — (Pi — Po): (7.42) 


Vo 


Next, if we denote the pressure difference between the coexisting 
phases by 


p* = Pı — Pas (7.43) 
from (7.42) it follows that 
hevir Pt, (7.44) 
or, which is the same, 
P= Pots P. (7.45) 


These equations relate the quantities p,, Pa, p*, and po. 


7.4. Isolines in a Two-Phase Region in the p,T Plane 


7.4.4. Now we consider a particular problem important for the 
subsequent presentation on the behavior of isolines inside a two- 
phase region, namely, the isolines v = const, s = const, u = const, 
h = const, and f = const (we recall that these isolines have a salient 
point on the boundary curve in the event of a transition from a one- 
phase region to a two-phase region). In other words, we wish to cal- 


2 If we are dealing with cases where one of the coexisting phases is the vapor 
phase, we must not confuse the statement about the weak dependence of the 
ratio v/v, on p, with the statement about the strong dependence of v, (specific 
volume of the vapor phase) on py. 

From (7.39) we see that if at liquid-vapor equilibrium the pressure in the 
aoa (pı) increases considerably, the pressure in the vapor phase (p.) changes 
only slightly, which is due to the great difference between the specific volumes 
of a liquid and its vapor. Therefore, here v, changes comparatively little because 
P> changes little (though p, increases considerably) due to the low compressibility 
of the liquid. We see that in the case of the liquid-vapor (or solid-vapor) equi- 
librium the ratio v,/v, changes only slightly with p,. As for the case of the 
solid-liquid equilibrium (in which due to the proximity of the values of v 
and v, the change in pressure in one of the phases results in a commensurable 
increase in pressure in the other phase), the ratio v,/v, changes slightly with an 
increase in p, simply because of the low compressibility of both phases. 
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culate the partial derivatives (ôp/ð T) , (Op/0T),, (Op/dT),, (Op/OT), , 
and (dp/0T); on the two-phase side of the boundary curves. 

The problem is solved in the following way. In accordance with 
Eq. (6.5), the relation giving the behaviour of the total derivative 
of pressure with respect to temperature along the saturation line 
can be written thus: 


dp _ Op M 7? Op or dy 
aT =( ôT ly dy İT dT ` (7.46) 


Here (dp/aT);*°"" is the partial derivative taken at the point of 


intersection of the line y = const with the boundary curve on the 


two-phase side of this curve; similarly, (@p/dy)7°"" is the partial 


derivative taken at the point of intersection of the isotherm with 
the boundary curve on the two-phase side of the curve, and dy/dT 
is the total derivative along the boundary curve. In this equation 
y can be taken as v, s, u, h, f, and so on. Let us see how we can trans- 
form Eq. (7.46) for different specific values of y. 

7.4.2. If y =v, from (7.46) it follows that 


dp _ / @p \two-ph Op oe dvo’ 47 
aT =| oT ), ( ov IT dT (7. ) 








Since on both boundary curves dv,/dT becomes infinite nowhere 
except at the critical point, taking into account (7.7), from (7.47) 
we obtain 


re a48 


Hence, inside the two-phase region on the p,T-diagram an isochore 
coincides with the transition curve. 
7.4.3. Assuming y = s, from (7.46) we have 




















dp ôp two-ph dp \two-ph dso 
aT =( oT ), ( Os ie dT ° (7.49) 
Since in accordance with (4.4a) 
ap \ _ aT 
( Os ) =~ Ov R 
it follows that 
dp _ Op two-ph OT \two-ph dsg 
dT =| oT k = ðv ); dT ° (7.50) 


Since ds,/dT becomes infinite only at the critical point, from (7.8) 
we find that 


dp ô two-ph 
ar = (r) > (7.51) 
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i.e. inside the two-phase region on the p,7-diagram an isentrope 
also coincides with the transition Curve. m 
7.4.4. For y = u we can write Eq. (7. ) as 


p(B) (EG. 082 
Since in accordance with (2.6) 
Le (ood er (7.53) 
ðu IT 


and in accordance with (5.2) 
ðu _op_\ 
( ðv ly rt oT ), Ps 


it follows that, taking into account (7.48), we can transform (7.52) to 











ap ae 
dp _ | @p_\two-ph ( dv IT dug cs 
aT =| ar k T p T` (7.54) 
aT 


The quantity du,/dT on the boundary curve becomes infinite only 
at the critical point. Hence, taking into account (7.7), we obtain 


dp Op \two-ph mea 
Erh >? ey) 


i.e. inside the two-phase region on the p,7-diagram a line u = const 
coincides with the transition curve. 
7.4.5. If we put y = h, we can write Eq. (7.46) as 


dp S op ie Op jerome dhe 
aT = ( OT jh ( oh IT aT ° (7.96) 


Since in accordance with (5.11) 


(4), =—-T( T Jy» 


Eq. (7.56) can be transformed to 





LEL (B) om 1h : 
aT ôT lnr ytwo-ph—_ T ( ðv oes ar (7.97) 
ôT jp 


The quantity dh,/dT becomes infinite only at the critical point; 
at all other points on the boundary curves it has a finite value. 
Taking this into account and bearing in mind that in accordance 
with (7.8) 





? 


ðv \two-ph 
( ôT ); macs 
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from (7.57) we obtain 





dp = Op two-ph 
aT = ( oT )i (7.58) 


i.e. inside the two-phase region on the p,7-diagram an isenthalpic 
curve also coincides with the transition curve. 
7.4.6. Finally, if we assume that y = f, from (7.46) we have 


























ee ae 
or, which is the same, ; 
ar) 
Bearing in mind that 
f = u — Ts, 
we find that 
Cg eee et 
From (7.53) it follows that 
op) eae (1:60) 
Hence, if we take into account (5.2), we find that 
ade oe Pa es (8) 
In accordance with (4.4), 
(a gor) 


Substituting (4.4) and (7.63) into (7.61), we obtain 


(E) =r (2). tr (r) 064 


whence, after simple transformations and taking into account the 








fact that 
(4), hT), 
we find that 
(a) =r = Jz: (7.65) 
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Then from (7.60) we obtain 


dp _ Op two-ph 4 ( ap ae dfo ; 
oT = ( oT P P ðv IT dT ° (7.66) 


Since the quantity df,/dT everywhere on the left and right bound- 
ary curves (except at the critical point) is finite, from (7.66), with 
due regard for (7.7), it follows that 


dp _ Op two-ph 
aT =( ar ) ? (7.67) 


i.e. on the p,T-diagram a line f = const also coincides with the tran- 
sition curve inside the two-phase region. 
7.4.7. Thus, from (7.48), (7.51), (7.55), (7.58), and (7.67) it follows 
that l 
dp _ Op two-ph op two-ph Op two-ph 
ar (sr iE = (4 ), =(4F) 


=(S (SE, 89 


u 


i.e. all the isolines inside the two-phase region on the p,T-diagram 
coincide with the transition curve. This is not surprising, since if 


qh Y P 
N s c 
; ; 
| = Me oy a NA 
7 p 
(b) á 


(a) (c) i 


C 





Fig. 7.2 


we consider the thermodynamic state surface of a substance in differ- 
ent coordinate systems—in the p,v,T space as well as the s,T,p space 
the u,T,p space, h,T,p space, and the f, T,p space—we see that the 
two-phase region is projected onto the p,T plane and becomes the 
transition curve. It is clear that any lines passing inside the two- 
phase region in other coordinate planes coincide with this curve. 

7.4.8. Unlike the quantities v, s, u, hand f, which change discontin- 
uously ina phase transition, the chemical potential ọ for the coexist- 
ing phases is the same. Therefore, there is no two-phase region as 
such on the thermodynamic state surface of a substance in the 9,7,p 
space but only a line of the phase transition. Its projection on the 
p,T coordinate plane will naturally be the same p,7 transition curve 
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as in the previous cases. Its projections on the 9,7 and ọ,p coordi- 
nate planes will also be lines (Fig. 7.2 a and b shows the @ versus T 
and ọọ versus p curves along the transition line). 

We see that a line ọ = const on the p,7-diagram intersects the 
transition line. In general the line ọ = const has a salient point at 
the intersection with the transition curve. This results from the 
following simple reasoning. 

It is obvious that 


cae) ae) (ae le? aay 


Since in accordance with (3.35a) and (3.36a) 
ôp se ap) _ 
(3 = —s and ( op p=” 
it follows that 


(F), =i. (7.70) 


Hence, at the intersection of the line ọ = const with the transition 
curve on the p,T-diagram on the left of the transition curve (in 
phase 1), 


ap \Q) s® 
(FF). =<, (7.71) 
and on the right of this curve (in phase 2), 
op \(2) _ s2 
(2 l, =r (7.72) 
Since in general 
s») vl) 
a aa (7.73) 


it is evident that the line ọ = const has a salient point at the point 
under consideration (see Fig. 7.2c). 


7.5 Discontinuity Equations for Thermodynamic 
Quantities on the Boundary of a Two-Phase Region 


7.5.1. As we have noted, the quantities that change abruptly in 
a phase transition are the first derivatives of a thermodynamic po- 
tential, namely, specific volume v, entropy s, internal energy u, 
enthalpy k, and free energy f. They change from the values on the 
left boundary curve to the values on the right boundary curve. But 
the second derivatives of the potential, such as c, and (dp/0T),, 
change discontinuously only when we cross the boundary curve. 
Relations that give the values of these discontinuities are of great 


113427 
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practical interest. We can easily obtain them, since they are partic- 
ular cases of the general discontinuity equations for thermodynamic 
quantities on the boundary curves obtained in the previous chapter. 
Let us consider these relations. 

7.5.2. We start with the discontinuity of the isochoric heat ca- 
pacity on a boundary curve. Equation (6.13) combined with (7.48) 
yields 


- -~ d] Op ) e-T i dvo 
o two ph __ ¢o one ph — — fi —- — | —— l. 7 
Cy v | dT ( ôT lv |- ( ) 





(superscripts two-ph and one-ph relate to the two-phase and the 
one-phase side of the boundary curve, while o shows that we are 
dealing with values on the saturation line). 

For the left boundary curve of the liquid-vapor phase transition 
this equation assumes the form 


, , Op \’ one-ph dp `} dv’ 
two-ph__ pp’ one-ph — =| s | | eas 
c c Ha E) <r | a> (7.75) 
while for the right boundary curve 
” , 7 dp / {ap a one-ph = dv” 
two-ph __ p’ two-pb — __ Pes Se ee pee tall SS phase 
C, C, Py: ar (0T ), ] ap + (7-76) 


Since always? 


Op \' one-ph dp 
( a i > or (7.77) 
and 
aaa > 0, (7 ; 78) 
it follows that always 
c two-ph __ c’ one-ph ~ 0, (7 . 79) 
Similarly, since 
Op \*two-ph dp 
E) Sr (7.80) 
and 
ee <0, (7.81) 
always 
c’ two-pb __ e one-ph > Q. (7.82) 


Thus, the isochoric heat capacity suddenly increases when passing 
from the one-phase region to the two-phase region. The behavior of 





3 Except for the critical point (see Chap. 9). In some cases du’/dT is negative 
(e.g. for water at T < 3.98 °C) 
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the heat capacity c, when crossing the boundary curve is shown in 
Fig. 7.3 (here J is the two-phase region and J7 the one-phase region). 

(We note once more that this conclusion relates to the liquid- 
vapor phase transition). The same can be said about sublimation, 
since for this phase transition dvygp/dT < 0 and dvsona/dT > 0. 





v Cy 
cirtwo-ph u4 = const 
| 

: ! 

Uy | 
| | 
| | 
I | I l H 
l + i 
7 r 7 


Fig. 7.3 


As for melting, dujjqg/dT and dvsona/dT on the boundary curve are 
positive for some substances and negative for others. 

In the previous chapter we saw that the equations for the discon- 
tinuity in the heat capacity c, when crossing the boundary curve 
can also be written in the form (6.34) 


Aq=T[A(2-) a (25), 


or in form (6.39) 








aa ra (E) A 


Jf we combine these equations with (7.48) and (7.7), we obtain for 
the case under consideration, respectively, 














c’ two-ph — ç’ one-Ph — — T ( ðv ), one-ph [( op j one-pħh dp | 
. > ôp IT ar) y ar 
(7.83) 
and 
i , Op \’ one-ph dv’ \2 
two-ph __ ph — 
Ca wo-p c One=P =—T/( Jo B ( I7 ) (7.84); 
and also 
ç” two-ph — c” one-ph — — 7 ( Ov j T dp ( ap i one-ph 72 
5 ý Op İT _ ar aT |» 


(7.85) 
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and 5 i F ; 
” two-ph__ na” one-ph__ __ p \” one-p v” 
a aa. ar) -© (7-86) 


Knowing the derivatives of thermodynamic quantities on the 
þoundary curve, we can use Eqs. (7.75), (7.76) and (7.83) through 
7.86) to caiculate with a high degree of accuracy the discontinuity 
in the heat capacity, Ac,, instead of employing a complex calori- 
metric experiment. 

7.5.3. Let us now consider the discontinuities in the adiabatic 
compressibility, isentropic exponent, and sound velocity on the 
boundary of the two-phase region. Equation (6.20) for the disconti- 
nuity (v/dp), combined with (7.49) yields 








ðv \o two-ph Ov \oonePe aT ( ôT J one-ph7 dso 
(=), op ls ~ [L dp op ls dp ° 
(7.87) 


For the left boundary curve the equation can be written as 

















ðv \’ two-ph ðv J DERE dT —( oT pees ds’ 
( op ), ap ls ~ L dp ap ls dp 
(7.88) 
and for the right boundary curve as 
( ðv Di ðv TEE [ eT )’ one-ph dT ds” 
ap ls (rh E (ar) dp dp ` 
(7.89) 


Equation (6.35) 


1) [Ge J 


- TA ( | 


a( 





combined with Eq. (6.40) 
Joar ar 


enables us to write the relations for calculating the discontinuity in 
(dv/dp), in another form. 
If we combine (7.9) with (5.100), we find that 


etwo-ph = oo. (7.90) 
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Bearing in mind that in accordance with (7.51) 
OT \two-ph aT 
Op ), — dp? 


from (6.35) we obtain 


(yer ðv \‘one-ph cp ‘one-phr dT aT \'one-ph ir 
ah ae), Se ae ae 
(7.94) 
and 
( ðv aa ( av Tii cp “one-ph aT \one-ph aT 72 
ak ta, Ser deme ap 
(7.92) 


Here (ôT/ôp) P” is the derivative taken on the isentrope at the 
point of intersection with the boundary curve on the one-phase side, 


and cg°"*?" is the isobaric heat capacity on the boundary curve on 
the one-phase side. 


The quantity dp/ds from Eq. (6.40) can be transformed thus: 
dp _ dp dT 
ds aT ds ° (7.93) 


Bearing in mind the definition of the heat capacity along a boundary 
curve (7.18), we obtain 


dp _T dp 
“ds oy a? * (7.94) 
Combining this with (6.40), we find that 
fey h (>) ‘one-ph ee aT \2 
( Op ls op J: T Toonen (=) (7.95) 
and 
CA (Zyre a ee (aT \2 
(a). ðP }s ~~ perone-ph (T) > (7.98) 


‘ and c; are the heat capacities al th ti i 
where €s and Cs pacities along the saturation ling 
the left and right boundary curves, respectively. for 

From these equations we see that always 


(=) (#)"" <0 (7.97) 


and ress 
(22 \"twoph y gy \"one-ph 
\ Op ), (>). <0. (7.98) 
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Since, as we know, (du/dp), is always negative, these relations imply 
that the absolute value of the derivative (dv/dp), always increases 
when crossing the boundary curve from the one-phase region to the 
two-phase region: 
“ôy \ o®two-ph Ov \o one-ph = 
Gee elle le a (7.99) 

Equations (7.88), (7.89), (7.91), and (7.92) and especially (7.95) 
and (7.96) are useful for calculating the discontinuities in the adia- 
batic compressibility, isentropic exponent, and sound velocity in 
the event of a transition across a boundary curve. 

We recall that the quantity given by (5.167) is known as the coef- 
ficient of adiabatic compressibility 


b= —+($),. 


We see that we can easily calculate the discontinuity in B, if we know 
the relations for calculating the discontinuity in (0v/dp),. 
Next, we recall that the isentropic exponent is given by (5.181) 


ERLA LA 
[= P ( dv £ 
whence 
dv v 
().= kp * (7.100) 
Substituting (v/dp), into (7.95) and (7.96), we obtain, respectively, 
4 1 o _ Pef dT \2 f 
p two-ph — p one-ph Ty’ ¢one-Ph (5>) (7.101) 
Pp 
and 
4 1 pes aT \2 7 
p two-ph ~ g one-ph e Tyro oneph (=) (7.102) 
p 


This enables us to calculate the discontinuity in the isentropic ex- 
ponent of a substance when crossing the boundary curves. 

These relations, in particular, imply that for both the left and 
the right boundary curve the isentropic exponent on the one-phase 
side of the boundary curve, ko one-ph, is always greater than that on 
the two-phase side, ko two-ph, 

We recall that the sound velocity in a substance, a, is related 
to (dv/dp), via the Laplace equation (5.191) 


asy —w(2), 
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whence 
Ov 2 = 
Or Rosa cre (7.103) 
Substituting into (7.95) and (7.96), we see 
1 1 _ cs" aT \2 
(a two-ph)? = (a’one-Phy2 Ta ae Pph (Sr) (7.104) 
and 
1 1 bp dT \2 
Gene oe Raper an! - (7,105) 


These equations give the magnitude of the discontinuity in the 
sound velocity on the boundary of the two-phase region and show, 
for one, that in a transition from the one-phase region to the two- 
phase region the sound velocity always decreases, i.e. q@oone-ph > 
> ae two-ph | 

7.0.4. Now let us study the discontinuity in the Joule-Thomson 
coefficient on the boundary of the two-phase region. In accordance 
with (5.168), the Joule-Thomson coefficient is defined thus: 


oT 

"= (i : 

The Joule-Thomson coefficient, like the thermodynamic quantities 

discussed above, changes abruptly when crossing the boundary curve. 
The value of the discontinuity can be determined by (6.7). 
If we set z = T, z = p, and y = h, from (6.7) we obtain 

ôT \atwo-ph OT \o one-ph 
a. ee 





“Op Ih h 
OT \9o two-ph OT \cone-ph7] dho 
=a[(Gel. ° Slade bas (7.106) 
or, taking into account (5.168) and (5.106), 
= a 1 1 dho 
yo two-ph — ug one ph — (grer pr a iweae tworph ) PT (1.107) 


Since, as we already know, in the two-phase region 


chroi __ ©, 
it follows that 


f 1 dh 
po two ph — yo ot PN ei m (7.108) 
P 


This relation gives the discontinuity in the Joule-Thomson coeffi- 
cient on a boundary curve. 
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lf we combine (5.168) with (7.58), we can see that 
ar 
dp ° 

Hence, the values of p on the left and right boundary curves on the 
two-phase side are the same: 


(7.109) 


two-ph — 
p pü — 


p’two-ph —: p”two-ph — ytwo-ph, (7.110) 
h 
C £ 
(a 
\3 
3 
Lat 
p 
Fig. 7.4 


Taking this into account, we can write (7.408) for the left bound 
ary curve as 


; { dh’ 
two-ph e ~ DB a 4 
ptwo-p u’ one-ph = soneh T (7.111) 


and for the right boundary curve as 


: eee 1 ah” 
ptwo phy one Ph = —coneph “ap (7.112) 
P 


If we examine the h,p-diagram (Fig. 7.4), we see that dh’/dp is 
always positive, which implies that always 


p7one-ph << ptwo-ph, (7.113) 


From the k,p-diagram we also see that in the low pressure regions 
dh”/dp is positive, and as the pressure increases the sign of the de- 
rivative changes. Consequently, at low pressures 


pfone-ph < ptwo-ph , (7.1 14) 
while at high pressures 
w"one-ph > ptwo-ph, (7. 4 15) 
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We see that these inequalities change sign at the point of the sat- 
uration line where the enthalpy of dry saturated vapor k” attains 
the maximum value. 

7.0.0. Now let us turn to the equations for the discontinuities in 
(p/dv) r, (@T/dv)p and 1/cp on the boundary of the two-phase region. 
Equations (6.26), (6.21), and (6.23), which describe the transition 
from the one-phase to the two-phase region, assume the following 














form: 
a(S) Lar ar] fs cadens) 
(2 )=-[( e atin 
and 
a(i- aa 
where in accordance with 68) 
2 
Al Fag ae) = ae), 
According to (6.4) we can write 
we (22 )° one-ph + (22 <P al -ph ae (7.419) 
=(5 oT arene -ph +(e oma ph oe, (7.120) 
and 
-ph -ph 
apena ee g 


If we substitute (7.119) into (7.116), (7.120) into (7.117), and 
(7.121) into (7.118), we obtain, respectively, 





a (22) = (2) 0.1% 
(es 7.129) 

and 
A(z) east (7.124) 


This result is quite obvious if we consider (7.7), (7.8), and (7.90). 

7.5.6. The equations derived in the previous chapter enable us to 
obtain a few more useful relations determining the discontinuities 
in thermodynamic quantities on the boundaries of the two-phase 
region. Relations for the discontinuity in (dv/0T), in the event of 
a transition across the boundary curve can be obtained in the fol- 
lowing way. 
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First, Eq. (6.15) yields 


av g two-ph -7 en ph =(2 ap \Sone-ph] dvo - 
(F). ôT ar Cer): ] gp © (4-425) 


In accordance with (6.4) we can write 








ap Op \Gone-ph Op \9 one-ph ds 
Cae 
Combining this and the Maxwell equation (4.4a), we obtain 
ay \otwo-ph — / dv \oone-ph | ôT \cone-ph cs dvs am gan 
(7) (r) =E ae 0427) 


Second, Eq. (6.18) implies that the same quantities can be written 
thus: 

ðv \ g two-ph ðv \o one- ph aT OT \o one-phy cs A 
(sr) (a) =—-la la) la. 7128) 
If we substitute d7/dp with the help of Eq. (7.120), we arrive at 
(7.127). 

Third, Eq. (6.37) yields 


ðv \o two-ph ðv \ 9 one-ph g one-ph 
ie id (+), ie ae a) 


aT ôT \Tone-ph d one-ph = 49 
= (oe lane ikea =à ): |. (1:129) 
If we replace dT/dp with the help of Eq. (7.120) and dp/dT with the 
help of (7.126), we obtain (7.127). 

Finally, Eq. (6.43) also yields (7.127). 

We can obtain relations for the discontinuity in (ôT/ðv); from 
Eq. (6.25), which for a transition from the two-phase to one-phase 
region is transformed to 

ôT \o two-ph oT gone-ph _ 4 1 dT = 
(=) —(=) S r RE) G (7.130) 


Ov Is v js g one-ph of two-ph Ug 


Relations for the discontinuity in (@p/0T), follow (a) from Eq. 
(6.23), which we combine with (7.51) and write for the case under 
consideration 


dp op o one- ph OT \oOone-ph c 
mlr) =r Fe 0439) 
and (b) from (6.42) 
dp Op a one-ph _ dT OT \o one-phy ¢ dp = 
ar — (a), ates rag eae. (7-182) 


Transforming (7. 132) with the help of (7.120), we can easily show 
that Eqs. (7.131) and (7.132) are identical. 
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We can obtain relations for the discontinuity in (07/dp), from 
Eq. (6.23) if we bear in mind that in accordance with (7.51) 


( oT joan E dT 
Op Is dp 


from (6.23) we obtain 





dT OT \ F one-ph T dso 
ae Van) = gonen dp (7.133) 
Taking into account that 
ao _ oe OT (7.134) 


from (7.133) we can obtain an interesting relation 


(fy = (orme) E (7.135) 


From (6.30) we obtain a relation for the discontinuity in (0p/dv), 
at the transition across the boundary curve: 


( Op aimee ( Op ye one-ph 





“av js “ov Is 
=[(4 m (47t ] at (7.136) 


Bearing in mind that 


a A E (7.137) 


dso dss dT (7.138) 


do dT dvo’? 


and taking into account (4.3), (5.101a) and (7.18), from (7.136) we 
obtain 
Op \o iwo-ph Op \ 9 one-ph 
Go ag oo 
salza (gr), een ar | doe: (7-139) 


c9 one-ph OT lr "gg tworph dT | dug 


S 


Combining this with (5.181) and (5.191), we obtain relations, re- 
spectively, for the discontinuity in the adiabatic exponent 


ke two-ph = ke one-ph 


1 -ph 
/ Op \c one-p 1 ir | dT (7.140) 


a CsVo 
Z p | ¿0 one-ph \ OF i ~ toph dT | dug 
v v 
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and for the discontinuity in the sound velocity 
(a% two-p h)2 E (a? one-ph)2 


4 ( Op i one-ph 1 IF | dT , (7.141) 


2 
= — CVa | —— | = — | —— 
370 | c9 one-ph ôT Jv cl two-ph dT | dug 


It may seem that these relations are more convenient than Eqs. 
(7.101), (7.102), and (7.104), (7.105), since they enable us to calcu- 
late directly the discontinuities iu the adiabatic exponent k° and 
in the square of the sound velocity (a°)? and not 1/k° and 1/(a°)?. 
However, comparing Eqs. (7.101), (7.102) and (7.104), (7.105) with 
(7.140) and (7.141), we see that the former are considerably simpler. 

The relations obtained above determine the discontinuities in 
the derivatives taken at the intersection of an isentrope with the 
boundary curve in the v,7-, p,T- and p,v-diagrams. 

Together with Eq. (7.75), (7.76) and (7.83) through (7.86) for de- 
termining the discontinuity in the heat capacity c, in the event of 
a transition across the boundary curve, equations for the disconti- 
nuity in the quantity inverse to c, are interesting for certain cases. 

From (6.36) we obtain 


[ OT \o two-ph OT \oO one-ph 42 

1 1 1 iC) = Ga ] 

eg one-ph a two-ph =7 Op \o two-ph @p \oone-ph_ ? (7.142) 
op, “ae 


and from (6.41) we have 





1 i 
cf one-ph co two-pbh 
_ T Op \o two-ph Op \o one-ph dvg \2 
et Gary. —(F ye (ar). (7-148) 


With the help of Eq. (7.130) we can easily see that these relations 
are identical. 


7.6 Heat Capacities on Boundary Curves 


7.6.14. We have already noted that the heat capacity along a 
boundary curve, ¢,, is determined via (7.18) 


ds 
C= Tops 


where ds,/dT is the total derivative along the boundary curve. 
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m Eas. (6.4) and (6.5) we see that ds,/dT can be written in the 








f oot the following equivalent expressions: 
o 
dsg _ { Os \Oone-ph ðs \oone-ph dp 
=a), +(+-), ar? (7.144) 
dso _ Sy one-ph ôs ~ dvo 
aT ( ôT Jv + (= T aT 4 (7.145) 
and 
dso _ ay two-ph | 2) two-ph dvg (7 146) 
a= (or ; a T aT `’ ; 


Bearing in mind (5.78a), (5.79a), (4.3), (4.4), and (7.48), we can 
transform these relations to 
o one-ph 





dsg _ °p ðv \9 one-ph dp 
mer or). r (1.147) 
-ph 
dso _ ch ORERE Gp \o one-ph dig 
T= H $F), Tr, (7.148) 
and 
o two-ph 
dsg i a Cy dp dvg 
Gta a: (7.149) 


Taking these relations into account, from (7.18) we obtain for the 
left boundary curve 





a (F.\ on (7.150) 
ca cpn g p ( SP) neh E, (7.454) 
chet Pe (7.152) 
Similarly, for the right boundary curve 
cacy r (oem (7.153) 
cach p (SB ones oe (7.154) 
cla, Wort y pak D, (7.155) 


These equations relate the heat capacities c,, Cp, and c, on bound- 
ary curves. 
7.6.2. From Eq. (3.28a) written as 


Tds = dh — vdp 
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and taking into account (7.18), we can sce that 
h d 
mE ar 
This relation is most convenient for practical calculatious of the 
heat capacity cs. 

7.6.3. We note that if we equate the right-hand sides of Eqs. 
(7.151) and (7.152) and, respectively, the right-hand sides of (7.154) 
and (7.155), we obtain Eqs. (7.75) and (7.76) for the discontinuity 
in the heat capacity c, on boundary curves. 

On the other hand, equating the right-hand sides of Eqs. (7.150) 
and (7.151) and, respectively, the right-hand sides of (7.153) and 
(7.154), we obtain the equations for the difference in the heat capac- 
ities cp and c, on boundary curves on the one-phase side: 


‘one-ph___,’ one-ph__ ðv ) one-ph dp (22) ’ one-ph = | : 
c c, =T| ( o+(2) (7.457) 


(7.156) 


ƏT lp aT 
and 
sonecah_ ghone-on— a 9D dp | ( dp \"oneoh den) 
Cp Cy =| (+ z aif T aT } aT |: (7.158) 


We can easily show that these relations can transform to the type 


(5.109), i.e. 


*one-ph _ a’ one-ph y one-ph (2) one-ph 
e c,h aT (SE) Th (7.159) 


Q&Q 


and 


” 2 ” 2 Op \” one-ph / gv \” one-ph Sees 
c” one-ph ___” one m= T(E) (=) ; 
p v ar is aT }p #.  (7.160) 


Next, from (7.150) and (7.152) and, respectively, from (7.153) 
and (7.155), we obtain 


gree gota Efe) mere te) a. 





aT | \ aT Jp ôT 
and 
”“one-ph ___,” two-ph— p 3P (E) = | } 
Cp Cy baa aT ôT p dT ° (7.162} 


It is interesting to note that Eq. (7.161) was once used effectively 
to prove the inaccuracy of experimental data on the heat capacity 
C, for water given in one article. This was done as follows. Since both 


(við T)?” and dv'/dT are positive (for water this is true at. 
T > 3.98°C), it follows from (7.164) that 


o neig twin S(), (7.163) 


Since comparison of the experimental data on the heat capacity 
c, oP", given in the article, with the precise data on the heat ca- 
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‘one-ph 


pacity cp of water revealed that the values of c,°”°?" are 
greater than those of c,°"°?", the inadequacy of the experimental 


data on c, was proved. 


7.7: Thermodynamic Quantities in a Two-Phase Region 


7.7.4. As we noted in Sec. 7.1, those thermodynamic quantities 
that are the first derivatives of a thermodynamic potential (v, s, u, h, 
and f) are additive in a two-phase region: 


ptwo-ph — y’ (1—2)+0'2, (7.12) 
stwo-ph — 5’ ({ —xr)+s"z, (7.13) 
utwo-ph — y’ ({—zx)+u"x, (7.14) 
htwo-ph — h’ (1— x) + h" zx, (7.15) 
ftwo-ph — f’ (1— x) -+ f’z. (7.16) 


As for quantities that are the second derivatives of a thermodynam- 
ic potential (c,, (@v/@p),, k and a and others), their values in a two- 
phase region expressed in terms of thermodynamic quantities on 
the left and right boundary curves and the degree of dryness, z, are 
determined by the relations which we discuss below. 

7.7.2. We start with (@v/dp),. Differentiating (7.12) with respect 
to pressure with s kept constant, we obtain 





ðv \two-ph dv’ dv” 7 j Oz 
(h ae + Getto) (Zs), (7.164) 
In connection with this derivative we note the following. We 
calculate the partial derivative with respect to p with s kept constant, 
but since v’ and v” as well as other quantities on the transition curve 
are functions of only one variable, the derivatives of v’ and v” with 
respect to p can only be total, i.e. dv'/dp and dv’ /dp. 
Next, since in accordance with (7.17) 


, 
s—s 
E jo 





s” —s’ 9 


differentiating this with respect to pressure with s kept constant and 
taking into account the note on differentiating v’ and v”, we obtain 





ôT 4 ds’ ds” 
(=) =- T (1—2)+- e |, (7.165) 


Then, in accordance with (6.4) and (6.5), we can write 


r ’ two-ph ‘two-ph ds’ i 
Po (2) N (2y woon d (7.166) 
dp ap ls as Ip dp 
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and 
dv” EN yews 2)" two-ph ds” 
ie (ale ae 
Bearing in mind Eqs. (4.2) and (7.51), we transform (7.166) and 
(7.167) to 


(7.167) 


S 


dv’ ðv \'two-ph , dT ds’ 

aa a ae prea 
and 

dv” ðv \”two-ph dT ds” 

a lah Pao o (7.169) 


Substituting into Eq. (7.164) these expressions and also (7.165) 
for (dx/dp), and taking into account that according to (7.22) 
i L (7.170) 


s’—s’ ap 
we obtain 
( Ov rl Ov y two-ph 


/ ðv \” two-ph 
p F os 


(1-2) + (5) (7.174) 


Ps 
E 


S 


We see that (6v/0p), in a two-phase region is additive, which is not 
obvious a priori. 

Similarly, differentiating (7.12) with respect to T with s kept con- 
stant, we can show that 


(3e (4)"" (1—2)+ (f)e" = (7.172) 


The relation determining (0v/dp), in a two-phase region can be 
obtained in another form. Equation (5.165) 


(22) =(#) — (3): 
ðv js \ ðv İT cy \ OT lv 


combined with (7.7) and (7.48) is written for a two-phase region thus: 


Op two-ph T ap \2 
aT — Fi ctwo-ph (=) ’ (7.173) 
whence 
dv \two-ph gtwo-ph aT \2 
lar), =e Ge) (7.474) 
where ¢,”°" is the isochoric heat capacity in the two-phase region. 


We note that these interesting relations are almost unknown; they 
are extremcly useful for calculating thermodynamic properties in 
the two-phase region. 
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We see that Eqs. (7.171) and (7.174), despite their apparent distinc- 
tion, are identical. We can easily show this if we transform (7.171) 
in the following way: since it is obvious that 


ðv \ ðv ðs 
(h= (4). (ar) (7:176) 
it follows that allowing for the Maxwell equation (4.3a) and Eqs. 
(5.101a), (7.48) and (7.51), we can transform relation (7.175) for 


the two-phase region to (7.174). 
From (7.174), in particular, it follows that 


(=). two-ph (2): two-ph 
[2(#) =“ et 017) 


and from (7.174) that 


and, hence, 


a av 3 c two-ph g won ap \2 eee 

lor ahn e a ae) 7.478) 

These (identical) relations determine the variation in (dv/dp), along 

an isotherm in a two-phase region; we see that the dependence is 

linear (since the quantities on the right-hand sides of these equations 
remain constant on an isotherm). 

7.7.3. We turn to the heat capacity c, of a two-phase mixture. 
The heat capacity of a two-phase mixture along the line of constant 
dryness, x = const, is determined in accordance with the general 
relation (5.99): 


Gear (+). (7.179) 


The equation for calculating cx from the known values of the ther- 
modynamic quantities on the left and right boundary curves and the 
degree of dryness is obtained by differentiating relation (7.13) with 
respect to temperature with zx kept constant: 





ðs ds’ ds” 
Combining this with (7.18), we find that 
Cy = cy (1 — z) + ce. (7.181) 
We see that 
Ce Ges 
a = sar ee) 


12-0427 
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7.7.4. Next we study c, in a two-phase region. Differentiating 
(7.14) with respect to T with v kept constant and taking into account 
the remark made in Sec. 7.7.2, we obtain 

du \two-ph du’ , du” 5 P a 
(=), =F (A—2)+arr+tu =u) (FF) (7.183) 
From (7.17) 





v — V 
T= n” t 
v—vD 
it follows that 
Oz 1 [ dv’ dv” ` 
(h= yy [Sr (t—2) + Se]. (7.184) 


Taking into account that 





du’ 0 *two-ph ð ’ two-ph , 
alah tel are (7488) 
du” ðu \” two-ph ðu \” two-ph qv” 
mola). ak a E 
a 
(T) =o» (5.107) 
ðu j | op 
(Glee? (ar), CZ) 
and, hence, 
Ou two-ph dp 
( av Ja oe ie (7.187) 
from (7.183) we find that 
ctwo-ph — c' two-ph (4 — x) -4 ci two-PD x, (7.188) 


We see, for one, that 


( actwo-ph e, two-ph _ c, two-ph 
a Tae?) 
Finally, if in (7.188) we substitute c)”°P* ai as 
; ; and c via 
(7.452) and (7.155), respectively: : ° 
’two-ph__,*__ piP dv’ 
Cy = Cls T -F ar (7.190) 
and 
”two-ph— „” dp dv” 
Cy =¢s—T ora, (7.191) 
we obtain i olati wo-ph 
ain an equation relating cy, and cy: 


two-ph d dv’ 4 
oes T gr | “ae 0Ha 





z]. (7.192) 
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This equation implies that because an isochore does not coincide 
with a line z = const, i.e. due to the variation of the degree of dry- 


ness along an isochore (redistribution of substance between phases), 


the heat capacities cy”°" and c, differ from each other by the 


term on the right-hand side of Eq. (7.192). 
7.7.5. Let us study the isentropic exponent in a two-phase region. 
In accordance with the general definition of the isentropic exponent 


(5.181) 
-2 (2 
k= =p ( Ov } ? 
and taking into account (7.12) and (7.171), we obtain 
z v’ (1—z)+v”z 
ktwo-pb = — ( ðv \' two-ph ðv \”two-ph 4 * (7.193) 
allah aaa a] 


Using Eqs. (7.174) and (7.188), we can write the relation determin- 
ing the isentropic exponent inside the two-phase region in the fol- 
lowing form: 

ktwo-pb — EA aa o USDE o (1—2) + v"z ( dp \e (7.194) 


P c, two-ph (i—z)+e, two-ph, aT 


Other forms of this equation are also known. But the two equations 
(7.193) and (7.194) are the simplest in form, clear in their physical 
meaning, and useful for practical calculations. 

7.7.6. We turn to the sound velocity in a two-phase region. The 
Laplace equation (5.191) for a two-phase region is 


aweh y — (prome (FE) (7.495) 


s 


Taking (7.12) and (7.171) into account, we can transform this 
equation to 
v’ (1—2z)+v"2 


atwo-pb = eee, (7.196) 
Ve oe) 

while taking (7.174) into account, we can transform it to 
atwo-ph _. p 2P Ce ae ht (7.197) 


dT V T [e two-ph (1—2) +c two-ph z] ` 


These equations determine the sound velocity in the two-phase 
region from the known values of the thermodynamic quantities on 
the left and right boundary curves.* 


4 Here we are speaking of the so-called thermodynamic sound velocity, i.e. 
the sound velocity at zero frequency. The question of the frequency dependence 
of the sound velocity in a two-phase region is beyond the scope of this book. 


12* 
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7.7.7. Finally, we discuss the behavior of the Joule-Thomson 
coefficient in a two-phase region. As noted in Sec. 7.4, in a two- 
phase region the Joule-Thomson coefficient has the same value along 
an isotherm for any value of z; namely, in accordance with (7.109), 


wtwo-ph — dT'/dp. 


We note in passing that the usual relation (5.139) for the Joule- 
Thomson coefficient 


u= 


makes no sense for a two-phase region, since in this case on the right- 
hand side of this relation, as follows from (7.8) and (7.90), there 
appears an indeterminate form of the «w/c type that cannot be 
evaluated. 


7.8. Equations Relating Thermodynamic Quantities 
on the Left and Right Boundary Curves 


7.8.1. The following equations relate thermodynamic quantities 
on the left and right boundary curves. We start with quantities that 
are first derivatives of a thermodynamic potential (v, s, u, hk, and f). 

The Clausius-Clapeyron equation (7.26) implies that 


va (7.198) 
We recall that in accordance with (7.25) 
s — s = r/T (7.199) 
and in accordance with (7.24) 
h” — hk =r. (7.200) 
Since in accordance with (1.14a) 
h = u + pv, 
it follows that 
u" — u =r — p (v —v’). (7.201) 
Combining this with (7.198), we obtain 
u” —u'=r (1-44). (7.202) 


Finally, since in accordance with (3.41) 
f = u — Ts, 
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combining this with (7.201) and (7.25) we can write 
P — fF =—pt" —v’). (1.203) 


We recall (see Sec. 7.1) that in a two-phase region v, s, u, h, and f 
are additive, i.e. they change linearly with the degree of dryness z. 
Here, as we see from the above relations, the values of v, s, u and h 
are greater on the right boundary curve than on the left. As for f, 
from (7.203) we see that 


P<t. (7.204) 
This is not surprising, since from (3.41) if follows that 
of __ | du Os 
mao g=" Gon Reve) 


And since (5.2) 


(35 )e= 7 (ar)? 


(ar )2= (ar) 


are valid, it follows that 


and (4.3) 


af\ __ 
CoE (1:200) 
i.e. the free energy on an isotherm always decreases with increasing 


This dependence has a clear physical meaning, too. We know that 
a system in an isothermal process performs work at the expense of its 
free energy. The phase transition requires work to be done and, hence, 
the free energy decreases as the degree of order in the system de- 
creases. 

7.8.2. From Eqs. (7.198) through (7.201) and (7.203) we can easily 
obtain equations relating the total derivatives of v, s, u, h and f 
with respect to temperature along boundary curves. 

Differentiating (7.198), we obtain 


dv” dv’ 





E S Scot 1 dr i dT d?p 
ar a eR (= a? Tap iT) (7.207) 
From (7.199) it follows that 
ds” ds’ 1 {dr F = 
“dT aT =F (ar-F)> (7.208) 
from (7.200) that 
dh dh' d 
IF a ar (7.209) 
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from (7.201) that 
aut dw drt ny 
aT dT dT T ' ; 
and from (7.203) that 

af” df’ ” 

m E a ae or) re 


7.8.3. We turn to the equation relating the values of the heat 
capacity c, on boundary curves. As noted above, for the left and 
right boundary curves we have, respectively, 


ds’ 


and 
" ds” 
e= TT: (7.213) 
Hence, it follows that 
és , , { ds” ds’ 
cs— ce =1 (mir) (7.214) 
Combining this with (7.208), we obtain 
” , d 
ger. (7.215) 


This equation, sometimes called the Clausius equation, relates the 
values of c, on the left and right boundary curves. 

Since the heat of vaporization decreases as the temperature in- 
creases, and, hence, dr/dT <0, it follows that always 


ieee nan (7.216) 


We recall that c; for most substances is always negative. 
Taking into account (7.215) and (7.198), we transform (7.182) 


to 
Cx dp [T dr m = 
(2) =l i) (7.217) 
Hence, it follows that cą on an isotherm decreases with increasing v. 
7.8.4. Now let us discuss the equation relating the values of the 
heat capacity cp on boundary curves. As noted. above, when the 
heat capacity cp crosses a boundary curve, it changes discontinuously 
from c9 two-ph at the point of intersection of:an isobar with the bound- 
ary curve on the one- phase side to infinity in the two- phase region. 
Let us find the relation connecting c,¢-P» and c,0ne-Ph, 
In accordance with (7.205), 


dh” dh’ dr 


ar dT aT * 
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We can write the expression for the total derivative of enthalpy 
on the saturation line with respect to temperature in accordance with 


(6.4) thus: 





dhg a dh \9 one-ph oh =)" one-oh dp 
dT ( ôT ); (ar op dT’ (raa 


Combining this with (5.106) and (5.11), we obtain 


dh i ; ðv \done-phy dp 
Sr eg one Pht [re— 7 (i |=. (7.219) 


. we can wri 
Therefore can write 


dh” = “one-ph [ gan (3) ener) = 
gr =p +|v"—T aT ) p IT (7.220) 
and 
dh’ ‘one-ph [v ek dv ), “one pa ap 
aT Ep +|v T (> aT ] IT ` (1.221) 
Substituting dh”/dT and dh'/dT into (7.209), we obtain 
% r ; dr 7 n ap i ðv \“one-ph 
-p} opi _ i 2P ee 
epne:ph—¢ one-P = ST Ue | ( ) 
ðv \'one-phJ dp A 
-(7), a (7.222) 
whence 
» ; dr r dv \”one-ph ðv \'one-ph9 dp 
one-pħ — p’one-ph ——— — — PaA Pay (rae = 
Cp Cp aT r+ | (+) (sr) lar 


(7.223) 


This equation relating c,°"*P2 and c,°™e-P" is sometimes called 
the Planck equation. It enables us to match the various values of 
cGone-Ph obtained as a result of independent measurements, and also 
to calculate the values of c% 0ne-Ph on the other boundary curve from 
the known (for example, measured in an experiment) value of cg one-ph 
on another boundary curve. For these purposes the Planck equation 
has been successfully used for water and water vapor. 

We note that the Planck equation can also be obtained by sub- 
Stituting c, and c; from Eqs. (7.150) and (7.153) into (7.215). 

We also note that Eq. (7.129) written as 


Dhe 
c9 one-ph — ae [vu Vo — r (= ). ad | a (7.224) 





is convenient for pee calculations of heat capacities on boun- 
dary curves. 

The differential equations discussed in this chapter were derived 
for simple thermodynamic systems (i.e. systems performing only 
work of expansion) but can be generalized to various complex sys- 
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tems. In the next chapter we will discuss an equation similar to 
the Planck equation that relates the heat capacities of a supercon- 
ductor in the superconducting and normal states at the phase tran- 
sition point in the superconductor. 

7.8.5. We derive an equation relating the values of the heat ca- 
pacity c, on the boundary curve. As already noted, the isochoric 


heat capacity changes from the value of c$ eP? on the one-phase 
p y 8 k 
side of the boundary curve to the value of cg t¥oPP on the two- 
phase side. We can obtain the equation relating the values of co tworPh 
on the left and right boundary curves, c, '™® -Ph and c,**°P", in the 
following way. 
R VR (7. ae with respect to temperature, we obtain 


du” CE prap 2N, (7.225) 


aT da at dT aT J 


In accordance with (6.4) the expression for total derivatives of 
internal energy on boundary curves with respect to temperature can 
be written, taking into account (7.48) thus: 





du” _ "t 7 h ap dv” 
ar ene + (Tae —P) ae e229) 
and 
dul __ p’two-ph Die a 7.227 
aT T v +(T az P) aT ° (7.227) 
Substituting these values into (7.221), we obtain 
” 3 , ae n" T d*p 7 
cvtwo-ph — ¢’two-ph = T (y" —v’) TF: (7.228) 


This relation can be obtained in another way. The well-known 
thermodynamic equation (5.128) 


/ OCy os ð? p 
EF ),=7( oT? ), 

combined with (7.48) for the two-phase region is written thus: 
actWo-ph 


( ET ) =P ie (1-229) 


Equating the right-hand sides of this equation and Eq. (7.189), 
we obtain (7.228). 
From (7.228) we can see that for all substances always 


cone > c two-ph , (7.230) 


Let us now find an equation relating the values of c, on the right 


and left boundary curves on the one-phase side, cp °”®P™ and c°” P®- 
We can easily obtain the relation from (7.228), E 84), and (7. 86). 
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From (7.84) aud (7.86) it follows that 


f, ‘one-ph / dv’ ‘ = 
one-ph __ .’two-ph | Gp Vener (F 7.231). 
Cy Seg TP +7 (3) aT ( ) 
and 
, “one-ph / dv” \2 7 
vone-ph — ,"two-ph_1 m (Op \OReP (+) 7.232) 
cones = ctivomn q p (SB) MP (SP (7.282) 
Hence we see that 
” h dv” 2 
“one-ph __-’one-ph — ” dp (<P) Nee (=) 
crone-p c, one-p =T 0 — v') ara T \ ov aT 
a 


Op ERRI 
ela 
The behavior of c, with v on an ae on the boundaries and 
in a two-phase region is shown in Fig. 7.5, where J is the liquid re- 
gion, JJ the two-phase region, 
and JII the vapor region. c 
. à v 
, Obviously, all equations relat- cv two-ph 
ing the values of second deriva- T=const i 
tives of a thermodynamic poten- 
tial on the left and right bound- hop ! 
Y 
| 
| 


a)’]. (7.233) 


( 


ary curves on the one-phase | 
side are similar in structure, ——4 cone ph 
i.e. in general they can be i 
written thus: I ıl 
y”one-ph pars yone-ph = Ay’ 
+ (y”two-ph =, y two-ph) at Ay’, 
(7.234) Fig. 7.5 
here y is a thermodynamic func- 
tion that is the second derivative of a potential, and Ay the jump 
of this function in the transition across the boundary curve from 
the one-phase region to the two-phase region. 
7.8.6. Let us discuss an equation relating the values of (dv/dp), 
on boundary curves. Differentiating Eq. (7.198) 


r dT 
py’ — y= 


I io 


v’ u” Vv 


T dp 
with respect to pressure, we obtain 
dv" dv’ 1dr dT ra&T +r /aTy > 
o"a © ap ae ea nha) ee) 


Substituting into this relation dv'/dp from (7.168) and dv"/dp 
from (7.169) and bearing in mind that the difference 
ast as! 
dp dp 
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combined with (7.199) 
s” ta s A rIT 


can be written as 
ds” ds’ 1 dr r dT 


dp dp Tdp T? dp’ (7.236) 

from (7.235) we obtain 
dv \"two-ph av \’two-ph r dT ee 
Ga) les : =F ap (7.237) 


This equation relates (dv/dp), on the left and right boundary curves 
on the two-phase side. Since on the saturation line, as evidenced 
by the p,7-diagram, 

a°T 
dp? 





<0 (7.238) 


and since, as we know, (dv/dp), is always negative, it follows that 
always 


ae ela | (1.239) 


The equation relating (dv/dp),*¥o-P» and (dv/dp), '¥o-Ph can be 
written in another form. From (7.174) we see that 


7) = -a (7.240) 
(35 s a T (ap i 
and 
a Oe ee) (7.244) 
a s _ T ( dp ` : 


Hence, it follows that 


“two-ph ‘two-ph 
Cy — ey 


(2 TeL (Zm Te (EY. (7.242) 


Combining this with (7.228), we obtain 


av \"two-ph dv \‘two-ph _ s n {aT \2 d?p A 
e e SE a 


Equations (7.237) and (7.242) are, of course, equivalent. We can 
easily show this with the help of (7.11): 


dp = —($)’ d2T 
aT? dT dp? * 





We can now obtain an equation relating the values of (dv/dp); on 
the left and right boundary curves on the one-phase side. 
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From (7.95) and (7.96) it follows that 


Ov *two-ph Ov — c, dT \2 
Con} E Es s J fe repi (=) 


(7.244) 


S 


and 


av “two-ph Ov Ma c aT \2 
(3), a Op s ne eR (=) ‘ (7.245) 


Substituting (dv/dp),*¥o-Ph and (dv/dp)< t¥o-Ph into (7.237), we 
obtain 
ðv \”one-ph Ov \‘one-ph 
(ar). (ae) 
ws a) 
1 cs Cs dT \2 d?T ; 
=F [ ( cone-ph =, ’one-ph ) (57) +r dp? J (7.246) 
P P 


C 





Taking into account (7.237), we can write the relation thus: 


( ðv ts ( Ov ) ‘one-ph 





‘Op 3 Op s 
1 parye es cs » yn an 24 
=7(>) [ g one-ph B ¢one-ph —(v"—v') aT? i (7.247) 
P P 


These equations relate the values of (dv/dp), on the left and right 
boundary curves on the one-phase side. 





The behavior of (dv/dp), with v on an isotherm on the boundaries 
and in a two-phase region is shown in Fig. 7.6 (the notations are 
the same as in Fig. 7.5). 
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7.8.7. We turn to an equation relating the values of isentropic 
exponent on the boundary curves. If we take into account (7.100) 


Oo) eae 
(7 s kp? 
from (7.237) we obtain 
v” v’ B rp œT 
Toom O pwo = apr (A3) 


Combining this with (7.242), we can write 


v” v’ pom n" , dT 2 d?p 
-i wem =P o o’) a) See. (0249) 





These equations relate the values of the isentropic exponent on 
the left and right boundary curves on the two-phase side. 
Next, from (7.245) we see that 


n r 


v v 
g one-ph = z one-ph 
"9 “2 
_ P Cs Cs dT \2 a?T 5 
“oe [{ T = cee ) (=) ree dp? t (7.250) 


Similarly, from (7.246) we obtain 
v” v’ 
poep ponei 


r 


12 2 
we oP aT \2 Cs cs n t d?p 
Salor) oan o e (7.251) 
P P 





Such are the equations relating the values on the left and right 
boundary curves on the one-phase side. 

7.8.8. We derive an equation relating the values of the sound ve- 
locity on boundary curves. Since in accordance with (7.103) 


eel 
from (7.237) we find that 
(wm) (r) = BR (7.252) 


a tWo-ph a tWwo-ph T dp 
Similarly, from (7.243) it follows that 
v” 2 v’ 2 h ; dT \2 d*p 
gra al a two-ph ) = a le dT? ° (7.253) 


These equations relate the values of the sound velocity on the left 
and right boundary curves on the two-phase side. 
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We can obtain an equation relating a’ two-Ph and a” two-ph explic- 
itly, i.e. not as the difference in values of the inverse square of 
a‘ two-ph hut the difference of squares of sound velocities on bound- 
ary curves. To this end we replace in the relation obvious from 


(7.103) 


a= —v (32). (7.254) 
the values of the derivative using (7.173) and obtain 
“two-ph)2 ‘two-ph)\2 — dp \2 ure v’? 

(a two ph) —(a two ph) =T (5) (Tem — wes) A (7.255) 


This implies that always 
q”two-ph ~> q’two-ph, (7.256) 
From (7.246) and (7.247) we obtain, respectively, 
v” 2 v’ 2 
( gq one-ph ) —( gq one-ph ) 


"9 aot 


1 Cs Cs dT 2 ar 7 a 
gaa [ ( cç one-ph = ¢one-ph ) (=| = r= | (7.25 7) 

P p 

and 
( v” F ( v’ y’ 
gq one-ph . a one-ph 
1 c? cz d2 
= e a e a "ay P = 

T T [ c one-ph a c one-ph T (v v ) aT? ] . (7.258) 

P P 


These equations relate the values of the sound velocity on the 
left and right boundary curves on the one-phase side. 

7.8.9. Finally, we derive an equation relating the values of the 
Joule-Thomson coefficient on boundary curves. We showed earlier 
(Eqs. (7.109) and (7.110)) that everywhere in the two-phase region 
the Joule-Thomson coefficient u is the same and is 
ptwo-ph = p.two-ph = p two-ph = = : 
Taking this into account, from (7.111) and (7.112) we easily find 
that 


” a , -Dha ne aa r7, iad 

uone ph — p'one-ph — 7am ap > . (7.259) 
Pp 

Using (2.8) and (7.109), we can write this relation in another form: 


“one-ph ___,,’one-ph 4 dh’ ” 
De 0) 
p 


two-ph Cpe dT e pepi dT 
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This equation relates the values of u on the left aud right boundary 
curves on the one-phase side. 

7.8.10. We have found equations relating the values of basic 
thermodynamic quantities on the left and right boundary curves. 
The same approach can be used to obtain equations relating any 
other thermodynamic quantities. 

The relations of this type are useful for the cases where the values 
of a thermodynamic quantity are obtained independently on the 
left and right boundary curves and we want to check how much these 
values are related thermodynamically. They are also useful when 
we know the values of a thermodynamic quantity on one of the bound- 
ary curves (usually on the liquid-phase side) and wish to calculate 
it on another boundary curve. 


7.9 Equations for Second-Order Phase Transitions 


7.9.4. In 1933 Paul Ehrenfest introduced the concept of a second- 
order phase transition. 

An ordinary phase transition (according to Ehrenfest’s classifica- 
tion, the first-order phase transition) is characterized, as we noted 
in Sec. 7.4, by a discontinuity in the first derivatives of ọ: 


v=(3E), and s=—(Fr),- 


The quantities v and s change discontinuously from the value in one 
of coexisting phases, v™ and s®, to the value in another phase, 
v?) and st), 

Ehrenfest called a transition in which the first derivatives of a 
thermodynamic potential are continuous a second-order phase tran- 
sition, i.e. 








vO) = yl?) (7.261) 
and 
shy = s9, (7.262) 
while the second derivatives of the potential change discontinuously, 
for instance, 
ôs \ —- ap \ = 
(r) = (F) (abe) 
Ov _ { &@ 
(ap )o= (er) 2? (7.264) 
dv\ _/ @@ 
(sr) p= (arap)- eee) 


The physical meaning of a second-order phase transition is beyond 
the scope of this book. Here we are interested only in the differential 


7. Phase Transitions 1914 


equations relating the second derivalives of a thermodynamic po- 
tential for coexisting phases in the event of a second-order phase 
transition. In other words, we wish to obtain equations determin- 
ing the discontinuity of thermodynamic quantities on the line of 
a second-order phase transition. 

In a second-order phase transition, just as in an ordinary phase 
transition, the two phases in the p,7-diagram are separated by a 
transition curve. In the p,v-, 7,v-, T,s-, and p,s-diagrams we see 
that in a second-order phase transition the two phases are separated 
not by a two-phase region, as in an ordinary phase transition, but 
by a transition curve, since v and s at the point of a second-order 
transition change continuously. 

We note that the transition from one phase to another across a 
second-order phase transition curve in the p,v-, 7,v-, T,s-, and p,s- 
diagrams is similar to a first-order phase transition from a one- 
phase region to a two-phase region across a boundary curve (left or 
right). Indeed, in both cases the second derivatives of the potential 
change discontinuously. This implies that the relations describing 
the discontinuities in these quantities are similar in structure for 
both the boundary curves of an ordinary phase transition and the 
curves of a second-order phase transition. 

7.9.2. The following second derivatives of the thermodynamic. 
potential undergo a discontinuity on the second-order transition 
curve: 











(se), r), (7.266) 
fee ap) (7.267 

rep = (GP) p= — (ap) 2? (7.268) 
lar (Sr), = —(Gr),= (7.269) 
ae (ae le ae (7.270) 

lar (ar) el. (ar).=— (ae) (7.271) 
[aC lele=—(sle=—(Gr) 02 
lala), ah r T) 


The same is true, naturally, for the inverse quantities. 
In Chapter 6 we obtained the equations that give the discontinui- 
ties of these quantities, namely Eqs. (6.11), (6.13), (6.15), (6.16), 
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(6.18), (6.20), (6.21), (6.23), (6.25), (6.26), (6.28), (6.30), (6.33) 
through (6.37), and (6.38) through (6.43) if the transition occurs in 
p,v,T space or Eqs. (6.44) through (6.66) if it occurs in Ẹ,w,T space. 
From these equations we can derive a group of relations that play 
the same role for second-order phase transitions as the Clausius- 
Clapeyron equation does for ordinary. These relations give the slope 
of the second-order transition curve in the p,T-, p,v-, T,v-, p,s-, 
T,s-, and v,s-diagrams. 
From (6.34) and (6.32) it follows thatë 


dv \(2) Ov \ (1) 

P e NO El, aes 
TSP -(Se) Pee 
ôT lp ôT ip Op İT Op İT 
which is known as the Ehrenfest equation. Similarly, from (6.15) 

and (6.21) we find that 


a (P EE n 
z 2) 1) ôT \(2) T \0) ’ 
(ar) —Gr)> (ar), — (ar) 
from (6.13) and (6.26) that 
a (GHP-HE) PB? one 
dv ef) — 6) ms (E l 
ôT lv ôT lv 
from (6.20) and (6.23) that 
ao (BIEN EE-E, oan 
ô Ov \ 0 ( 
ae) ae) eo ies wr 
from (6.18) and (6.28) that 
a (BIEN (DE 
8 (2) 1) 2) (4) ` 
ooo Gre Gr) (ar) r), 


and from (6.25) and (6.30) that 


wo E-G A a 


“As (2P ôT o ap \_ (4B) 
Ov Is Ov js ( /s ôv ls 


6 The superscripts (1) and (2) denote the first and second coexisting]phases, 
respectively, at the point of a second-order transition. 
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From Eqs. (6.38) through (6.41) we can obtain equations giving the 
slope of the second-order transition curve in the p,7-, T,v-, p,s-, 
and v,s-diagrams: 


Bar oe ee : 
ar = V TORON i (7.280) 
OOOO Pe O 
and 
| r! (4)°—(4)"] 
[Vey 3 : 
= V [zy (az) (7.283) 


Similarly, for the second-order phase transition in the §,w,7 space 
we can obtain relations giving the slope of the transition curve in 
the &,7-, E,w-, T,w-, &,s-, T,s-, w,s-diagrams. 

From (6. 44) and (6. 47) we find that 


(= ie ow \ (1) 








2 1 
d ie T a (7.284) 
aa ie oO (Bye ] o\ a ' 
(r ar j: (3 (= T 


from (6.46) and (6.50) that 





(= az APs ( o£ ha aT \(2) aT \ (1) 

d _ \oar ƏT S G: — \ aw | 5 

dw og (= ee Tig aS (7.285) 
oT S T 0s w 0s w 


from (6.45) and (6.53) that 


aT =U) GrJ_ tele (a) (7.286) 
as E 


13—0427 
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from (6.49) and (6.51) that 





a ae a a ae = [Gy (a) (7.287) 
= i Z a 
a E 
from (6.48) and (6.54) that 
(EE _ GPE sa 
= 1 p ’ : 
~~ (eye yO (aye 


and from (6.52) and (6.95) that 


0 cred Al Gre OM a ra 




















een act ee ae 
(7.289) 
From (6.61) through (6.64) we obtain, respectively, 
d oP op co 
ao y =a Pe 7. 
an =E 
ae. “Vey Py 
and 
sy - ale I (ze) J i race) 
a k tae), 


f a are the basic relationships for second-order phase transi- 
ions 
1.9.3. Now we will show how these relations can be applied to a 
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second-order phase transilion in a superconductor without an exter- 
nal magnetic field. 

From (7.31) it follows that the heat of the phase transition from 
the superconducting to the normal state is 


TH er’super dH cy 
— —Serisuper Ser (7.294) 


This shows that when He, = 0 (i.e. at T = Ter), the heat of the 
phase transition vanishes (experiments show that dH,,/dT is finite 
for any temperature). Thus, an ordinary phase transition in a super- 
conductor without an external magnetic field becomes a second- 
order phase transition. On the curve representing the transition 
from the superconducting to the normal state the point where Hep = 0 
is singular. 

Equations describing this second-order phase transition can be 
obtained from (6.44) through (6.66) if we assume that Ẹ = — H 
and w = j. In particular, Eq. (6.61) for the discontinuity of the 
heat capacity with the generalized force kept constant can be written 
for this case as 


ote — copra — 7 [ (Famer) 
— (Se) (Se): (7.295) 


Bearing in mind that, in accordance with (7.30) 


Jsuper = — Vsuper /4n 


and that, as we notedjin Sec. 7.2, 


Jnorm = O, (7.296) 
we obtain 
(lise) = a [ (super) H -+ Veuper | (7.297) 
and 
hom) =0. (7.298) 


Experiments show that the specific volume of a superconductor in 
the superconducting state varies very little with the strength of an 
external magnetic field (there is no magnetostriction); in other words, 


(Supe) =0. (7.299) 


13* 
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Taking into account (7.297) through (7.299), from (7.295) we obtain 





2 
cP — opp ™ = superl (“as ) A (7.300) 

This equation determines the magnitude of the discontinuity in 
the heat capacity cyorm for the phase transition from the supercon- 
ducting to the normal state in the absence of an external magnetic 
field. It is called the Rutger equation and shows that, since its right- 
hand side is always positive, the heat capacity Cnhorm at the phase 
transition from the superconducting to the normal state drops sud- 
denly. 


8 The Mathematics 
of the Critical Point 


8.1 Thermodynamic Relations for the Critical Point 


8.1.1. The point on the saturation line where the liquid and vapor 
phases become indistinguishable is known as the critical point. It 
is the final point on the line of the liquid-vapor phase transition, 
which begins at the triple point. We will denote thermodynamic 
parameters at the critical point by Per, Ter, Ver, ete. 

In accordance with what we have just said, 


v — v =0 (8.1) 
at the critical point and, hence, 
V” = V’ = Ver (8.2) 


The heat of vaporization, r, also vanishes at the critical point. 
This follows from the Clausius-Clapeyron equation (7.198). If we 
write (7.198) as 


r=T o" v), (8.3) 


combining this with (8.1) and bearing in mind that dp/dT cannot be 
infinite, we see that at the critical point 

r=, (8.4) 

From experiments we know that the critical isotherm (Ter = const) 


has in the p, v-diagram a horizontal inflectional tangent at the criti- 
cal point and, hence, 





(3): =o (8.5) 
(mals =° (8.6) 


Similarly, experimental data shows that the following lines have 
at the critical point a horizontal inflectional tangent: an isobar in 
the 7,v-diagram, so that 

(2-)"=0 (8.7) 


dv p 
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and 
oT cr . 
(=o: 83 
an isotherm in the p,s-diagram, so that 
Op cr 
eae =e (8.9) 
and 
0?p cr 
(<2) =0, (8.10) 
an isobar in the T,s-diagram, so that 
ôT \er 
(S =0 (8.11) 
and 
oT \cr 
(sr), =0, (8.12) 
an isobar in the 7,#-diagram, so that 
oT \cr 
(i) =2 (8.13) 
and 
oT \cr 
(Sr), = (8.14) 
finally, an isotherm in the p,-diagram, so that 
Op\cr_ z 
(<P) =0 (8.15) 
and 
8p cr oo 
( E J —0. (8.16) 


Combining (8.11) with (5.100) or, which is the same, (8.13) with 
(5.106), we find that 


= oo. (8.17) 


We note that the derivative of pressure on the saturation line 
with respect to temperature at the critical point (dp/dT),, and the 
derivative of pressure with respect to temperature on the isochore 
v = Ver at the critical point (dp/0T);" are finite; this is clear from 
the physical meaning of these quantities. 

The behavior of the corresponding curves in the phase diagrams at 
the critical point is schematically shown in Fig. 8.1. 
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We note that Eqs. (8.7) through (8.17) do not represent different 
independent properties of a substance at the critical point. In the 
final analysis, all these relations describe one experimental fact: 
that the critical isotherm in the p,v-diagram has a horizontal inflec- 





tional tangent at the critical point; whence, we can obtain Eqs. 
(8.7) through (8.17) from (8.5) and (8.6). 

Let us show this by an example. We will obtain (8.7) and (8.8) 
from (8.5) and (8.6). From (2.68) we see that 





ae eae el at (8.18) 


Since, as noted earlier, (dp/dT);" is finite, combining (8.18) with 
(8.5) yields (8.7). 

Next, we determine the value of (0?7/dv’),. Differentiating (8.18) 
with respect to v with p kept constant, we obtain 


(gar) meee ar ear Le (ar ee OD 
In accordance with (2.71) we write 


($2), -LE (Pk (SLE) 6 


or, which is the same, 























[EEE E, ea 
Taking into account (8.21), from (8.19) we obtain 
-i eE, 029 


An analysis of the experimental p,v,T-data for the near-critical 
region shows unambiguously that (ô2?T/ðp dv) and (8?°p/ðT ðv)" 
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are not infinite. 1 Taking this into account and bearing in mind (8.5), 
(8.6), and (8.7), from (8.22) we obtain (8.8). 

Similarly, if we combine the Maxwell equation (4.4a) with (8.7), 
we obtain relation (8.9) and so on. 

8.1.2. Experimental data shows (see Fig. 8.4) that the total de- 
rivative of the specific volume on the saturation line with respect to 
temperature, dv,/dT, become infinite at the critical point. It is ob- 
vious that 





dv’ 
lim —=o, (8.23) 
To”Ter ar 
and 
dv” 
To”Ter ae 
Since according to (2.8) 
dv _ dv aT 





and, as already noted, dT/dp is finite at the critical point, combining 
this equation with (8.23) and (8.24) yields relations for dv’/dp and 
dv"/dp similar to (8.23) and (8.24). 

Similarly, ds,/dT is infinite at the critical point, and here (see 
Fig. 8.1) 


lim So = o, (8.26) 
To>Ter 
lim -$= — o. (8.27) 
To>Ter 


Combining these with (7.18), we find that 


lim c;= 00, i (8.28) 
To>Ter 
lim c= — oo. (8.29) 
To*Ter 
Since 
A (8.30) 


dp aT dp?’ 


taking into account the above remarks, we obtain relations for ds'/dp 
and ds"/dp similar to (8.26) and (8.27). The situation is the same with 
dh,/dT, du,/dT, and df,/dT at the critical point. 


1 Whether these quantities are zero or nonzero remains open to question, 
put it is clear that they cannot be infinite. 
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From the given relations it is clear (see Fig. 8.1) that 











( in Ja = (8.31) ( T S = (8.33) 
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There is an interesting and important question concerning the cur- 
vature of the boundary curve at the critical point, i.e. the values 
of the second derivatives, such as 
(ŒT/dv?)er and (d?7/ds*),,. Experi- of 
mental data (see Fig.8.1) would seem ? Ý 
to show, at first glance, that these 
derivatives are finite and negative at 
the critical point. However, it is ar- 
gued that (d*7'/dv?),, and (d?T/ds?),, c 
and other similar derivatives are 
zero. This question cannot be solved 
unambiguously due to the reasons to 
be discussed in Sec. 8.2. 

8.1.3. Experimental data shows that 
at the critical point the saturation T 
line in the p,f-diagram matches Fig. 8.2 
smoothly, without a salient point, 
the critical isochore (Ver = const) (Fig. 8.2). This means that. 


ap) _(aP)e 5) 
(+). = ( oT = (8.30) 
which is known as the Planck-Gibbs equation, or rule. 
Extensive experimental data for a great variety of substances prove 
the validity of Eq. (8.35). Let us derive this equation analytically. 
In accordance with (2.81) we can write 


ar (ar). (ae), ar (8.36) 





From (8.5), (8.22), and (8.23) it follows that for the critical point. 
there appears an indeterminate form 0: oo in the second term on the 
right-hand side of (8.36). We will try to evaluate the indeterminate 
form by L’Hospital’s rule. To this end we write (8.36) as 


Ea 
T- (8.37) 
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and take the derivatives of the numerator and denominator on the 
right-hand side of this relation. The peculiar feature is that the numer- 
ator contains the partial derivative with respect to v with T kept 
constant, while the denominator contains the total derivative with 
respect to v along the saturation line. But it is obvious that we must 
take the derivative of the same form of both the numerator and denom- 
inator. Therefore, we take the total derivative of the numerator 
and denominator with respect to v. Then (8.37) yields 

2 (2)? 
A dp Op \o7> P dug ov İT 

tin [4 (2) ie Ban 
dr? 


For the quantity in the numerator on the right-hand side of (8.38), 
it follows from (2.81) that 


2 PRA a (eee _9_( op \o) aT 
dvo ala (3 Ve tee ar a ) v dvo ’ (8:33) 
or, which is the same, 
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If we combine this with (8.38), we can write 

(ae) tlra) oe 
; o 2 2 jr ' \ar 

lim [ dp — ( Op |= lim Ov T g Ov dug 
T>T., 7 aT ôT v T=Ter CT 

dv? 





(8.41) 


Taking into account (8.5) and (8.31) and bearing in mind that 
(0°p/0T ðv)! is finite and (d?7/dv’),.. is nonzero, from (8.41) we obtain 
the Planck-Gibbs equation (8.35). 

We note that this derivation is valid so far as (d?T/dv?),, is nonze- 
to. Otherwise on the right-hand side of (8.41) there appears an inde- 
terminate form 0/0 that cannot be evaluated. However, the brilliant 
experimental verification of the validity of the Planck-Gibbs equa- 
tion (8.35) can be considered an argument for the statement that 
(d?7/dv?),, is nonzero. Nevertheless, the given derivation of the 
Planck-Gibbs equation cannot be regarded as rigorous because the 
value of (d?7/dv*),, remains undefined. 

8.1.4. The Planck-Gibbs equation can be generalized to caloric 
state surfaces. By the method similar to the one given above we can 
show that 


($= (I= GATRA e 
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This relation implies that at the critical point the lines s = const, 
u = const, A = const, and f = const, just as the critical isochore, 
have a common tangent with the saturation line. 

These relations are completely verified by experimental data 
(Fig. 8.3). To derive these relations we must bear in mind the notes 
on the curvature of the boundary curve at the critical point that 
were made for the derivation of Eq. (8.35). 

8.1.5. The experimental data on the p,v,7-dependence shows that 
the critical isochore near the critical point is almost a straight line. 
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This is verified by the experimental data on the heat capacity c,: 
the values of c, on the critical and near-critical isotherms on the 
c,, v-diagram pass through the maximum atv = Ver (this is illustrat- 
ed by the experimental data for water in Fig. 8.4); consequently, 
in the near-critical region 





ly S ‘ 
(=) =0, (8.43) 
and since according to (5.128) 
Cy \ __ ap 
( a0 J) =7 ( aT? ig (8.44) 
it follows that near the critical point 
ô? p ` 
OT? = 0. 8.45 
(ar), (8.45) 


With the increase in temperature the critical isochore becomes in- 


creasingly steeper.) 
8.1.6. We also note that Eq. (5.165) 
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combined with (8.5) and (8.35) for the critical point assumes the 
following form: 
(2)" = —e (46 )" (8.46) 


Or ls oct dT ler 
v 


8.1.7. The thermodynamic behavior of pure substances at the criti- 
cal point has so far been studied insufficiently. Essentially, we know 
very little about the critical point. Above we noted what facts can 
be regarded as firmly established: at the critical point the first and 
second derivatives of pressure with respect to volume or entropy 
at T constant and of temperature with respect to volume or entropy 
at p constant vanish, the heat capacity cp is infinite, and the satura- 
tion line and critical isochore match smoothly (the Planck-Gibbs 
rule). This scant list probably exhausts all the reliable facts which 
we have relating to a thermodynamic analysis of the critical point 
of a pure substance. 

Much more extensive is the list of questions that have not yet been 
answered: 

(a) Do the derivatives (6°p/dv*)7', (@*p/du')7, etc. have zero or 
nonzero values? 

(b) Does the mixed derivative (0°p/dT ðv)" have a zero or nonzero 
value? 

(c) Do such quantities as the heat capacity c, and the sound veloc- 
ity a undergo a continuous or discontinuous change when passing 
through the critical point? 

(d) What is the behavior of the curvature of the boundary curve at 
the critical point, i.e. are the second derivatives (Œ T/dv?)er, 
(&@T/ds?°)er, etc. nonzero, and what is the saturation line curvature 
at the critical point in the p,7-diagram, i.e. is the value of (d?p/dT°),, 
zero or nonzero? 

(e) Is the heat capacity c, finite or infinite at the critical point? 
And correspondingly (see Eq. (8.46) with due regard for (5.194)} 
is the sound velocity equal to zero at the critical point? 

In spite of the categorical statements of some authors, a detailed 
analysis shows that there are no unambiguous answers to these and a 
number of other related questions. 

The reader probably noticed that in this section we often use such 
phrases as “experimental data shows that” while the differential 
equations of thermodynamics are almost not used. We must under- 
stand that practically all relations given in this section are no more 
than a simple statement of the results of experiments. The few rela- 
tions derived in this section are either not flawless from the point of 
view of the strictness of their derivation (the Planck-Gibbs equation 
is not flawless because we do not know exactly whether (d?7/dv*),, 
differs from zero, and Eq. (8.45) because we do not know whether 
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c;' is finite) or useless for an analysis of the critical point (Eq. (8.46) 


because we are uncertain about the value of cf). The means that we 
have at our disposal for analyzing the critical point are scanty, while 
for an analysis of the behavior of a substance on the boundaries 
and in a two-phase region there is a wide variety of thermodynamic 
relations. 

What is the reason for this peculiarity of the problem of describ- 
ing thermodynamic properties of a substance at the critical point 
among other problems of thermodynamics? Let us examine these 
questions in detail. 


8.2 Describing the Thermodynamic Properties 
of a Substance at the Critical Point 


8.2.1. The complexity of the problem of a thermodynamic descrip- 
tion of the critical point given in Sec. 8.1.7 is explained by the sin- 
gular behavior of the critical point on the thermodynamic state sur- 
face of a substance. If we use differential equations for the critical 
point. which are valid for all the other states of a substance, there 
appear in many relations (as a result of this singularity) indetermi- 
nate forms that cannot be evaluated. Due to these forms the mathema- 
tical tools of thermodynamics begin to “slip” at the critical point. 
This difficulty is basic: it is not that unambiguous proof of the state- 
ments of the thermodynamics of the critical point under discussion 
has not been found as yet, as a nonspecialist may think, but that in 
principle ordinary differential equations do not enable us to find such 
proof or relations for the critical point by a rigorous method. 

Here is an example to show that it is useless to try to solve the 
problems of thermodynamics of the critical point with the help of 
ordinary differential equations of thermodynamics. We will try to 
establish whether the discontinuity in the heat capacity c, retains 
its value or vanishes at the critical point when crossing the boundary 
curve. 

Recall that the value of the discontinuity in c, on the boundary 
curve is determined by Eqs. (7.84) and (7.86), which we can write 
thus: 








otwo-ph 0 one-ph __ ( Op j ( dvo 4 = 
en ne END tT \ aT} ° (8.47) 


If we combine this with (8.5), (8.23), and (8.24) in order to determine 
the quantity Ac, = c?'¥°P? — ¢2P at the critical point, we see 


that on the right-hand side of Eq. (8.47) there appears an indeter- 
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minate form 0: oo. Let us evaluate this indeterminate form by L’Hos- 
pital’s rule. If we write Eq. (8.47) as 





á Op o 
co one-ph __ 6 two-ph ( = ) 
se he A (8.48) 
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we can differentiate the numerator and denominator on the right- 
hand side of this relation by taking the total derivatives with re- 
spect to v: 
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pm Tie a, 
T-T ToT afd 
ior cr 2 —— 
dvo dv? 


Using (8.40), we can transform this relation to 
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Taking into account (8.6) and (8.31) and the above-mentioned remarks 
about the quantities (0*p/0T ðv)! and (a@*T/dv").,, we see that on 
the right-hand side of Eq. (8.50) there again appears an indetermi- 
nate form 0/0. Further attempts to evaluate this indeterminate form 
do not yield a positive result. 

Thus, the mathematical tools of thermodynamics do not enable us 
to evaluate indeterminate forms in the ordinary thermodynamic re- 
lations if we apply them to the critical point. Meanwhile, even today 
some authors state in all sincerity that using the ordinary differential 
equations of thermodynamics they have managed to formulate cer- 
tain new conclusions about the thermodynamic properties of a sub- 
stance at the critical point. Understandably, a thorough analysis al- 
ways reveals some mistake in such works. In this connection we must 
realize that if any work claims to have obtained new conclusions about 
the properties of substances at the critical point using ordinary 
differential equations of thermodynamics, it must contain a more 
or less veiled mathematical mistake. 

8.2.2. We must call attention especially to a typical mathematical 
error often encountered in works on the thermodynamics of the 
critical point. The reason for this error is a stereotype that researchers 
acquire while studying mathematical analysis. As we know from anal- 
ysis, the second derivative of a function at the point of inflection is 
zero. But this statement has one exception important for the thermo- 
dynamic treatment of the critical point. 
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We wrote relation (8.6) and others similar to it for the critical 
point on the basis of the jabove-mentioned statement of mathemati- 
cal analysis. It may seem that we can write (0?v/dp?)7 = 0 for the 
critical point with the same degree of reliability as we did for (8.6), 
since here we also speak of the second derivative at the point of in- 
flection of the function. The situation with (0?v/dp?);, however, is- 
far more complex than it may seem at first glance. Let us examine- 
the (dv/0p) 7 versus p and the v versus p dependence on the critical 


` i (p) 





lep =const 





Fig. 8.5 


isotherm (Fig. 8.5). The graphs in Fig. 8.5 show that since the quan- 
tity (dv/dp); becomes infinite when approaching the critical point. 
both from the left and from the right, in other words, undergoes a 
discontinuity of the first kind at the critical point, the derivative 
(0(0v/dp) ¢/dp) y = (0*v/dp”) r is not defined at the critical point. The- 
refore, the relation (02v/dp”); = 0 is absolutely unjustified. It is. 
obvious that the situation is the same with all the functions that 
have a vertical tangent at the point of inflection, i.e. an infinite first. 
derivative. And since, as already noted (see Fig. 8.1), the critical 
isotherms in the v,p-; s,p-, and ,p-diagrams and the critical iso- 
bars in the v, T-, s, T-; and h,7-diagrams are just such functions, 
we must always bear in mind this characteristic feature when applying 
thermodynamic relations to the critical point. 

8.2.3. The following question is in order. If the differential equa- 
tions of thermodynamics do not make it possible to arrive at unam- 
biguous conclusions concerning the properties of a substance at. 
the critical point, then why cannot we analyze these properties by a. 
precision experiment? 

Unfortunately, the accuracy of experimental data rapidly dimin- 
ishes when approaching the critical point. This is explained not by 
an imperfection of measuring devices but by difficulties of a funda- 
mental nature. The point is that for an overwhelming majority of 
thermodynamic quantities the so-called reference error of the meas- 


208 The Differential Equations of Thermodynamics 


ured quantity becomes infinite with the approach to the critical point. 
Therefore, we cannot overcome mathematical complexities solely by 
a direct experiment. 

8.2.4. We cannot discuss here the interesting attempts to describe 
the properties of a substance at the critical point hy the methods of 
statistical physics as well as by the methods of scaling theory be- 
cause, first, this is beyond the scope of this book and, second, the 
degree of reliability of the results obtained by these methods is not 
well-defined. . 

8.2.5. But how can we advance in describing the thermodynamic 
properties of a substance at its critical point? Progress in solving this 

problem can be achieved only by 
vi developing special mathematical 
tools suitable for examining this 
singular point on the thermodynam- 

ic state surface of a substance. 
8.2.6. In conclusion, one more 
- interesting observation may be made 
OX concerning the problem of investi- 
gating the critical point even 
p though it may seem controversial. 
If at present we have no mathemat- 
Fig. 8.6 ical tools for operating with such 
singularities as the critical point, 
it may prove effective to use formally nonrigorous limiting 
relations (each time, of course, substantiating the possibility of their 
application). By limiting relations we mean the application to the 
critical point of relations that are strictly valid however near this 

point. 

Here is an example to explain this. As we have noted before, the 
quantity (07v/dp*) 7 cannot be defined at the critical point by ordi- 
nary methods. However, everywhere along the line of inflection 
points of the isotherms (we know from the experiment that as this 
line approaches the critical point, it smoothly matches with the 
critical isotherm; Fig. 8.6) the equality 


(arh = (aN 


is satisfied up to the critical point. Thus, (8.51) is valid arbitrarily 
near the critical point. Right at the critical point the critical isotherm 
has an inflection, too. These circumstances, possibly, enable us to 
apply (8.51) to the critical point proper. 

Next, it is easy to notice the characteristic feature that the isobar- 
isotherms in a two-phase region acquire all the peculiarities typical 
of the critical point. Indeed, since in the p,v-, T,v-, p.s-, T,s-, 
p,r-, and 7,h-diagrams an isobar-isotherm in the two-phase region 
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is a horizontal line, the relations similar to (8.5) through (8.18) are 
valid for it. The relations (7.68) are similar to Planck-Gibbs equa- 
tions (8.36) and (8.43). This enables us to assume that the critical 
point, which is a limiting point in the two-phase region, acquires all 
the peculiarities typical of isobar-isotherms in the two-phase region. 
This is not surprising, since the critical peint is, in essence, a degen- 
erated (subtended to zero) isobaric-isothermal straight line. If this 
statement is valid, then, for one, for the critical point we can use 
the relation obvious for the two-phase region 
@p \twoeph ki 

(ar OD =0 (8.92) 
and similar relations. 

Such methods of examining the thermodynamic properties of the 
critical point are less preferable, of course, than the one mentioned 
in Sec. 8.2.5, due to the insufficiently rigorous nature of the state- 
ments used. However, until special mathematical tools suitable for 
examining the critical point have been found, such a method may be 
considered justified and useful. The history of physics knows many 
cases when tools nonrigorous from the mathematical point of view 
did not prevent obtaining conclusions whose substantiation was given 
subsequently. 

Such an approach can be justified by the analogy with the well- 
known method of determining a function at the point of discontinuity 
of the first kind. We recall that a discontinuity of the first kind is where 
the function is, strictly speaking, not defined but limits to this 
function exist on both sides of the point of discontinuity; these lim- 
its are taken as the values of the function at the point of discontinui- 
ty. 

In conclusion we stress once more that the observations made in 
Sec. 8.2.6 should not be regarded as indisputable. Nevertheless, their 
detailed discussion, which is beyond the scope of this book, could 
be useful. 

Any further investigations of difficult but interesting problems of 
thermodynamics of the critical point are, obviously, of great impor- 
tance. 
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9 Complex 
Thermodynamic Systems 


9.1 The Basic Thermodynamic Relations 
for Complex Systems 


9.4.1. In Sec. 1.1 we agreed to call thermodynamic systems perform- 
ing other work besides work of expansion complex systems. In this 
chapter we will consider only complex systems performing no more 
than two types of work simultaneously, one being the work of ex- 
pansion. For such systems the differential of work performed by the 
system is given by (4.8) 

dL = pdV + Edw, 


or in (mass) specific values by (1.8a) 
dl = pdv + Edw, 


where Ẹ is the generalized force with the exception of pressure, and 
W (the mass specific value is w) is the generalized coordinate with 
the exception of volume. 

The combined equation of the first and second laws of thermodynam- 
ics for the complex systems under consideration is written in the 
form (1.30) 


TaS = dU + pdv + taw, 


or in (mass) specific values in the form (1.30a) 
Tds = du + pdv + Edw. 


_ The Maxwell equations for complex systems were obtained in Sec. 
4.2. For mass specific quantities these are (4.17), (4.18), (4.20), 
(4.21), (4.23), (4.24), (4.26), and (4.27); similar equations are de- 
rived for the entire system. 

9.1.2. We will obtain differential equations describing the behav- 
ior of different specific complex systems by a single method, 
namely, by using Eqs. (1.30), or (4.30a), the Maxwell equations and 
the equation of state of the given complex system. 

Detailed analysis of the thermodynamic peculiarities of complex 
systems exceeds the limits of this book.! Therefore, below we give 
only the basic relations for different complex systems. 


1 For detailed analysis of these problems see the book: V.V. Sychev, Com- 
plex Thermodynamic Systems, Mir Publishers, Moscow, 1981. 
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9.2 Systems in a Magnetic Field 


9.2.1. We know that for a magnetic substance in a magnetic field 
the magnetic field strength taken with a minus sign, -H, is the gen- 
eralized force, E, and the magnetization of the substance, j, is the 
generalized coordinate, w. 

Hence, the combined equation of the first and second laws of ther- 
modynamics (Eq. (1.30a)) for a system in a magnetic field is written 
as follows: 


T ds = du + p dv — H dj. (9.1) 

Combining this with the Legendre transformation (3.48), we see 
that 

T ds = dh* — vdp + j dH, (9.2) 


where 
h* = u + pv — Hj, (9.3) 


which is the enthalpy of a system in a magnetic field (see Eq. (1.15a)). 
In accordance with (4.17a), (4.20), (4.23a), and (4.26) we can write 
the Maxwell equations for a system in a magnetic field as 








(Gri (a hor (9.4) 
(Eha a= Th. p (9.5) 
(ali o Gale > (9.6): 
(or aig = oa) eee (9.7) 


We know from physics that the equation of state of a magnetic sub- 
stance that relates magnetization to magnetic field strength is writ- 
ten thus 


j= 44, (9.8) 


where y is the mass specific magnetic susceptibility. 
9.2.2. If we combine (9.1) with (9.6) and (9.8), we find that 


(Jeol + (4), oI: (9.9) 


j IT, 7 y 





Similarly, combining (9.2) with (9.7) and (9.8), we obtain 


(Sr), =H i (H+), .—%]- (9.10) 
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The heat capacities of a magnetic substance at H and j constant 
(provided that the pressure of the surrounding medium is constant), 
determined, according to (5.99), by obvious relationships 


l Os 
Cy. p=T (le, i (9.11) 
and 
ðs 
epo =T (or), os (9.12) 
are related thus: 
oj \2 ôH 
r a E rol dna oe) 
or, which is the ‘same, 
aj ôH 
Cit, p Êj, p 7 —T (or) a.» ne (9.14) 
and 
Es ôH \2 aj eo 
enm p— erno =T (ar), (ar) no (9:19) 


We derived these relationships in the same way as (5.109)-(5.111). 
From (9.8) it is clear that the partial derivatives in Eqs. (9.13) 
through (9.15) can be written as 








(Sr) a pt He) ao (9.16) 

(sr), put (FF), (9.17) 
and ôH ) — H { ôx (9.18 
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We can easily show that 

(“BP ) =? (ee (9.19) 
or, which is the ee : sm a 

( oH nepal (SE) a? (9.20) 
and that TH ae vo 

(“Fe p=? (Sz), (9.24) 
or 
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9.2.3. We know that magnetic substances in a magnetic field are 
characterized by the following thermodynamic effects. 

(1) The magnetocaloric effect: the temperature of a magnetic sub- 
stance changes with the strength of the external magnetic field. 

(2) The magnetostrictive effect: the body’s volume changes when the 
strength of the external magnetic field varies. 

(3) The magnetoelastic effect: the magnetization changes with the 
external pressure. 

The magnetocaloric effect is characterized by the value of (ôT /0H). 
It is evident that the value is different for different thermodynamic 
processes (with the change in the field strength) in which a magnetic 
substance is involved. Of particular interest is the magnetocaloric 
effect that occurs when the state of the substance is changedladiabat- 
ically; here the effect is characterized by the value of (67/0H),, 
In accordance with (2.67) we can write 











or Os oT 
Gy el ae Os Va (9.23) 
whence, taking into account (9.7) and (9.11), we obtain 
oT \ T /ôðj 
(or), .= Or. p (sr) a5? (9.24) 
or, taking into account (9.16), 
oT _ TH OX 
Gr nga ers we) 


Since c y,p is always positive, the sign of the adiabatic magnetocalor- 
ic effect is determined by the sign of (d¥/0T) y.p. The magnetostric- 
tive effect is characterized by the value of (v/0H), and the magneto- 
elastic effect by the value of (dj/dp) m. Just as the value of (07/6H) 
is, these values are different for different thermodynamic processes.. 
These effects are of the greatest interest in adiabatic and isothermal 
conditions. 

We can easily establish a relationship between the values of (dv/dH) p 
for adiabatic and isothermal conditions. According to (2.71) we can 


write 
ov Ov ov ôT 
(sr), = (a Hee oe lino (SF hap (9.26) 
In the same way we can write a relation connecting the values of 
(ðjlðp)ş for adiabatic and isothermal conditions: 


alka o ha ar et on) 9.2 
(3p s H \ Op /r,H | \ôT lp, H \ Op /s, H (9.27) 
Thermodynamics enables us to establish a one-to-one relationship 
between the magnetostrictive and magnetoelastic effects. For the 
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systems under consideration (magnetic substances in a magnetic 
field), Eqs. (3.68a) 


a 
and (3.69a) 
(Fee, p =e 


will be written, respectively, as 


cae u} (9.28) 
and 
(ST) =) (9.29) 


ee h* is the enthalpy of a magnetic substance determined by 
(9.3). 
According to (2.12) and (2.13), it follows from (9.28) and (9.29) that 


(Sr) = (=), ae (9.30) 
In a similar manner, Eqs. (3.76a) 
(+), 7Y 


and (3.77a) 





og* ) _ 
(= T 


for the systems under consideration can be written as 








ôq* = 
(Sr). n=” (9.31) 
and 
og* i F 
OH Ie p T (9.32) 
where 
g* = u + pv — Hj — Ts (9.33) 


is the chemical potential of the magnetic substance (see (3.59a)). 
In accordance with (2.12) and (2.13), from (9.31) and (9.32) we 


obtain 
(arle =) u’ (9.34) 
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Equations (9.30) and (9.34) enable us, for one, to calculate the 
variation in the volume of a magnetic substance witht magneto- 
striction as follows: 


dv 


-L 2 wail (9.35) 


H 
v(s, p, H)—v(s, p, H=0)= | ( 
0 
and 


H 
v(T, p, H)—v (T, p, H=0)= | ($), aH. (9.36) 
0 


From (9.8) it follows that 
OE (2 
(5) = (a Ja (9.37) 


Taking into account (9.34) and (9.37) and bearing in mind that the 
value of (dz/dp), can be regarded for all practical purposes inde- 
pendent of H, from (9.35) and (9.36) we obtain 

H? {0 
v (s, p, H)—v(s p, H=0= — 5 (56), u (038) 
and 


v(T, p, H)—v (T, p, H=0)=—=- (Æ) y (9.39) 


Similarly, we can easily obtain the relations determining the var- 
iation in j with the magnetoelastic effect (the change in the exter- 
nal pressure from p to p + Ap). From the obvious relations 


p+Ap . 
j(s, p+Ap, H)—j(s.p, H)= È (ŻE) „ap (9.40) 
P 
and 
ptAp a 
i (T, p+Ap, H)—i (T, p M= | (ZL) ap, (941) 
P 


taking into account (9.37) and the fact that usually (%/ôðp) x 
changes little with pressure, we find that 


. . ô 
i(s p+Ap. H)— j (s, p, H)=H (52) Ap (9.42) 
and 


j (T, p+Ap, H)—j(T. p, H)= H (2 Ap. (9.43) 


op Va 
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9.2.4. Superconductors are a special variety of magnetic substan- 
ces. In Sec. 7.2 we noted that the mass specific magnetization of a 
superconductor in the superconducting state is given by Eq. (7.30) 


Jeupes = — VsuperH cr/47, 


where Vsuper is the specific volume of a superconductor in the super- 
conducting state and Hep is its critical magnetic field, and its spe- 
cific magnetization in the normal state, Jnorm, is negligible as compared 
With jsuper (i-e.’ superconductors in the normal state are practically 
nonmagnetic). In other words, for superconductors 


Xsuper — — Usuper/4% (9.44) 
and (9.45) 


Znorm >= 0. 


In Sec. 7.2 we discussed the Keesom equation (7.31) for the phase 
transition curve of a superconductor from the superconducting state 


to the normal: 
dHe Ang 
aT Tvsuper4 cr ? 


where q is the heat of this phase transition. 

The relation that connects the values of the heat capacities 
Cy p of a superconductor in the superconducting and normal states 
on the phase transition line is important for the thermodynamics of 
superconductors (for the phase transition in a superconductor this 
relation plays the same role as the Planck equation (7.223) for the 
liquid-vapor phase transition). 

According to (7.25), we can write for the phase transition of the 
superconductor 


Sporm —— Ssuper = g/T. (9.46) 


If we take the total derivatives of the left and right sides of (9.46) 
with respect to temperature along the line of phase transition, we 
obtain 


@8norm dssuper _ 1 aq q 
dT dT T (+r +). (847) 


Next, in accordance with (6.4) and (6.5), we can write 





dSnorm =(4)r ( ôs eae dH ep (9 48) 
aT ~—Ss\ OT JH, p ôH ]/H,p aT i 
and 
dSsuper S (yer (ype eee (9.49) 
aT  \ aT }H,p OH }/tT,p aT ’ 
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or, taking into account (9.41) and (9.7), 

















norm : 
dSnorm fH, Poy ( N ) dH oy (9.50) 
aT T ` oT H,p aT yn 
and 
super ; 
dSsuper °H, P +( Oates ) dH cr (9 51) 
aT pon oT H,p aT ' 


Using (9.50) and (9.51), from (9.47) we obtain 








super __ norm —_ 4 aa T [ ( Ua pee ) = (“norm \ | 
H, p H, p T aT ôT /H.p ôT Ju,p] aT 
(9.52) 
Combining this with (9.8), we find that 
s dq OX 
ons cep = sh TH | ( sser ie > 
O%norm dHer . 
—( oT las ap (9.53); 


Taking into account (9.44) and (9.45), we can transform this rela- 
tion to 


a or 


super norm _ q4 dq TH /(dvsupe 
cH s cn p= 4 (ee). (9.54): 


Since we can assume with a high degree of accuracy that 
ey ae zæ 0 at the transition temperature,* we can write 
(9.54) as 


no q aq 
cH p> — chp =F a (9.55). 


Next, from (7.31) we see that the heat of phase transition of a su- 
perconductor from the superconducting to the normal state is 


oe Vsuper TH daHer 
CS ia dt * 


Combining this with (9.55), we obtain 


(9.56): 











super _ „norm __ Usuper! | (Se y+ H  dVsuper Be ral Her Me, 
CH, p — CH, p =— Zn aT ) va. dT dT dT? | 
(9.5 


2 In this connection we recall that, in accordance with the Nernst heat. 
theorem, the derivativ: (@v/dT),, decreases as we approach absolute zero and 


lim (=) =0 
T-0K \ OF jp ` 


218 The Differential Equations of Thermodynamics 


or, bearing in mind that at the temperature of transition from the 
superconducting to the normal state dvgyper/dt ~ O, 








Vsuper? F dIlcr \2 d2H 
cite — Chive = e (Get) + Geet]. (9-58) 


This is the relation connecting the values of c y, p in the supercon- 
ducting and normal phases on the phase transition curve. 

For the phase transition in a superconductor in the absence of an 
external magnetic field (H = 0), Eq. (9.58) assumes the form: 


ens cnorm super? ( dH er y (9.59) 


H, p “H, p lage dT | 


We discussed this relation (known as the Rutger] equation) in 
Sec. 7.9, Eq. (7.300), where we obtained it in a different way, as a 
particular case of the Ehrenfest equation (7.290) for the second-order 
phase transition (we recall that the phase transition of a supercon- 
ductor from the superconducting to the normal state at H = 0 de- 
generates into a second-order phase transition). 

Equations (9.38) and (9.39) combined with (9.44) and (9.45) enable 
us to calculate the variation in volume of a superconductor with 
magnetostriction. These relations yield, first, 





H? ov 
Vsuper (S, P, H)— Vsuper (S, P, H = 0) ee ( 7 ), F (9.60) 


and 


H2 / Ov. 
Vsuper (T, p, H)—Vsuper (T, p, H =0) =% ( M a (9.61) 





Since (dv/0p), and (ðv/ðp)r are always negative, the volume of a su- 
perconductor in the superconducting state decreases as the strength 
of the external magnetic field grows. Next, since according to (5.122) 
the adiabatic compressibility is less than the isothermal compressi- 
bility, the volume of a superconductor in the superconducting state, 
as H increases by one and the same value, decreases more in isother- 
mal conditions than in adiabatic. Second, since according to (9.45) 
a superconductor in the normal state is nonmagnetic, the magneto- 
strictive effect here is zero. 

Similarly, if we combine (9.42) and (9.43) with (9.44), we see that 
for a superconductor in the superconducting state the variation in 
the specific magnetization due to the magnetoelastic effect is given 
thus: 


, : H Ovs per 
J super (s, p+ Ap, H) — Jsuper ($, P, H) = -z 7A Js, AP 


(9.62) 
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and 
jsuper (T, p+Ap, 11) —jsuper (T, p, H) 
H OVsuper 
= ya ( Op Ja pom (9.63) 


For reasons similar to those given above it follows that, frst, the 
magnetization of a superconductor in the superconducting state in- 
creases with pressure and, second, this effect is greater in absolute 
value in isothermal conditions than in adiabatic. From (9.42) and 
(9.43), taking into account (9.45), we see that a superconductor in the 
normal state has no magnetoelastic effect. 


9.3 Systems in an Electric Field 


9.3.1. We know that for a dielectric in an electric field the electric 
field strength taken with the minus sign, — Æ, is the generalized force, 
E, and the polarization of the dielectric, W, is the generalized 
coordinate, I. 

Hence, the combined equation of the first and second laws of ther- 
modynamics (Eq. (1.30)) for such a system is 


T dS = dU + p dV — E dX, (9.64) 
and for volume specific quantities 


T ds, =du, +p — EaP, (9.65) 


where s, = S/V u, = U/Vo and P = ¥8/V,, and V, is the volume 
of the dielectric at certain fixed parameters Tọ, Po, and Æo- 

If we use the Legendre transformation (3.48), we can write (9.64) 
and (9.65) as 


T dS = dH* — V dp + dE (9.66) 

and 

* Vdp s r 
T ds, = dh — 7 + P dk, (9.67) 
0 
where 

H* =U + pV — EX (9.68) 

and 
hš =u, + p — EP (9.69) 


are the total enthalpy and the volume specific enthalpy, respective- 
ly, of the system in an electric field. 
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Equations (4.17c), (4.20b), (4.23c), and (4.26b) for the whole 
system assume the form 





( a. )ev= (Gr P, y? (9.70) 
(os han an) oe (9.71) 
(a v= area (9.72) 
(rhe p= (aE Is, p (9.73) 


For volume specific quantities the Maxwell equations have the same 
form except that ‘8 and S are replaced by P and s,. 

We know that the polarization of a dielectric (the electric dipole 
moment per unit volume of the dielectric), P, is related to the 
electric field strength E by 


P =a, (9.74) 


where æ is known as the electric. or dielectric, susceptibility. This rela- 
tionship can obviously be regarded as the equation of state for a 
dielectric in an electric field. It is common practice in calculating 
dielectrics to write the dielectric susceptibility œ as 


a = (e — 1)/4n, (9.75) 


where e is called the permittivity of the dielectric, and, hence, the 
equation of state (9.74), is written thus 
e—1 
P= E. (9.76) 

In calculating the generalized coordinate, magnetization j, of 
magnetic substances, discussed in the previous section, it is common 
to use mass specific quantities, while in calculating dielectrics the 
practice is to write the generalized coordinate, polarization P, in 
terms of volume specific quantities. In view of this we employ vol- 
ume specific values of enthalpy, entropy, and other thermodynamic 
quantities. 

9.3.2. If we combine (9.65) with (9.72) written for volume specific 
quantities and (9.76), we obtain 


(a ra (9.77) 


Similarly, combining (9.67) with (9.73) written for volume specific 
quantities and (9.76), we find that 


(h el (HF) ett] (9.78) 
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In accordance with (5.99). the volume heat capacities of a dielectric 
at E and P constant are determined in the obvious way: 


Cr Toe hes (9.79) 
and 
Cr, p=T( an ha (9.80) 


By the same method as we used for deriving Eqs. (5.109) through 
(5.111), we can easily show that 


AE A 8 
or 
Ce, p— Cr p= T (Sr), ,(ar pp (9.82) 
or that 
Cr, p—Cr =T (E) (E) (9.83) 


From (9.76) it follows that we can write the partial derivatives on 
the right-hand sides of Eqs. (9.81) through (9.83) as 





(rd ea le (9.84) 
(J rp a |Z R + e— eat (9.85) 
and 
Ce a= r (9.86) 
From (9.79), using (2.13) and (9.73), we easily obtain 

( Ee Jae p =r (f A 5 (9.87) 

or, which is the same, 
(“es = ie bie Je me (9.88) 


Similarly, jwe can show that 


ar ne ae) ame, (9.89) 


(8p), else A, (Belay a e 





or 
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9.3.3. We know that dielectrics in an electric field are character- 
ized by the following thermodynamic effects. 

(1) The piezoelectric effect: the variation of the polarization of a 
dielectric with the external pressure. 

(2) The elecirostrictive effect: the variation of the volume of a die- 
lectric with the electric field strength. In a certain sense this effect 
is the opposite of the piezoelectric effect. 

(3) The pyroelectric effect: the change in the polarization of a die- 
lectric when its temperature changes. 

(4) The electrocaloric effect: the change in the temperature of a die- 
lectric when the electric field strengih changes. This effect is the op- 
posite of the pyroelectric effect. 

The piezoelectric effect is characterized by the value of the deriv- 
ative (08/dp)» and the electrostrictive effect by the value of the de- 
rivative (OV/OE),. It is clear that each derivative will be different 
for different thermodynamic processes. An examination of these 
effects in adiabatic and isothermal! conditions is of the most practical 
interest. 

Equations relating the values of (048/dp), for adiabatic and iso- 
thermal conditions, according to (2.71), can be written as 


In a similar way we can easily obtain an equation relating the va- 
lues of (OV/0E), for adiabatic and isothermal conditions: 


($F). .=(Ge)e tle E (9.92) 


It is obvious from general thermodynamic reasoning that there is 
a unique relation between the piezoelectric and electrostrictive 
effects. We can obtain this relation in the following way. For the sys- 
tem under consideration relations (3.68) 


Oll* ; 
=V 
( Op lia 





and (3.69) 








OH* _ iw 
( ô$ J5 
can be written as 
oH* N 
( F Jre! (9.93) 
and 
oH* 
( OE jr p= TB (9.94) 


where the enthalpy of a dielectric, H*, is determined by (9.68). 
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Tn accordance with (2.42) and (2.13), it follows from (9.93) and 








(9.94) that 
ôV 7 ay ).95% 
(mla —(a)se° Oe 
Similarly, from (3.76) 
ôp* 
( Op Ms on 
and (3.77) 
ow* : 
( aa E Pp =M, 
which we can write for a given system as 
om* n 
oT e 
and 
ow* 
(SF). -8 us 
where, according to (3.59a), 
p* = U + pV — E$ — TS (9.98) 


is the isobaric-isothermal potential of the system, using (2.12) and 
(2.13), we obtain 


ele a aw (9.99) 


Next, we see that the pyroelectric effect is characterized by the 
derivative (0P/0T),,,, while the opposite electrocaloric effect by the 
derivative (07/0E),. In principle the electrocaloric effect occurs in 
any thermodynamic process involving a dielectric (not an isothermal 
process obviously); but the adiabatic processes, characterized by 
(T/ðE)s p, are the most interesting from the practicalfstandpoint. 

From (2.67) we see that 


ar eee ees Asp 
(T). p ( Sp Jad OE = (9.100) 
Taking into account (9.73) written for the volume specific quanti- 
ties and (9.79), we find that 
ôT T ðP 
oE ET (ar Jeet ae) 


This equation relates the magnitudes of the electrocaloric and py- 
roelectric effects. 
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9.3.4. An important particular case of a thermodynamic system 
involving a dielectric in an electric field is the electrical capacitor. 
We will not discuss in detail the thermodynamics of an electrical 
capacitor, but will only give some initial informations. 

For a thermodynamic system that includes a capacitor and an elec- 
tric field, the voltage across the plates, V, is the generalized force, 
Ẹ, and the electric charge, Z, is the generalized coordinate, W. The 
combined equation of the first and second laws of thermodynamics 
(4.30) for this system can be written as 


T dS = dU + p dV — VAZ, ` (9.402) 


while the set of the Maxwell equations is 


(valley (9.103) 
(a= Es (9.104) 
(Seve -(F ey (9.105) 


V 
(las a Oe (9.106) 


Finally, the equation of state of such a system, namely, the equa- 
tion relating the electric charge on a capacitor plate, Z, and the volt- 
age across the plates, V, has as we know from electrostatics, the 


following form: 
Z = CV (9.107) 


where © is the capacitance of the capacitor. 
These are the main aspects of a thermodynamic description of the 


electrical capacitor. 


9.4 Systems in a Gravitational Field 


9.4.1. The elementary work performed in lifting a body of mass 
G to a height dz in a gravitational field is 


dL* = gGdz, (9.108) 


where g is the acceleration of gravity. Hence, for a system in a grav- 
itational field the weight gG is the generalized force, $, and the 
height of the center of gravity of the system, z, is the generalized co- 
ordinate, W. Therefore, in accordance with (1.30), the combined equa- 
tion of thelfirst and second laws of thermodynamics for a system in 
a gravitational field can be written as 


T dS = dU + p dV + gGdz, (9.109) 
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or for mass specific quantities (if the mass G of the system remains 
constant) 
T ds = du + p dv + gdz. (9.110) 


9.4.2. Interestingly, for a system in a gravitational field, as we can 
see from (9.109), the weight gG of the body in contrast to other known 
generalized forces is an extensive rather than intensive quantity. 
The generalized coordinate, height z, however, is not extensive but 
intensive. In this connection we note that Eq. (9.109) can be trans- 
formed to a form more “common” from the point of view of the inten- 
sity and capacity factors. To thisend we use the Legendre transforma- 
tion 


Gdz = d (Gz) — zdG, (9.111) 
and from (9.109) find that 
T dS = d (U + gGz) + p dV — gzdG. (9.112) 


The sum U + gGz in this equation can be interpreted as the “to- 
tal” energy of the system: 


U* = U + gGz, (9.113) 


byj analogy with the total enthalpy of such a system defined in the 
general case by Eq. (1.15). The enthalpy H* of the entire system is 


H* = U+ pV + gGz. (9.114) 


lf we combine the Legendre transformation (3.4) with (9.114), 
from (9.112) we obtain 


T dS = dH* — V dp — gzdG. (9.115) 


These are the basic relations for thermodynamic systems in a 
gravitational field. 


9.5 Elastically Deformed Systems 


9.5.1. We consider a solid (a rod) which is elastically deformed un- 
der a tensile (or compressive) force ¥. Here V is the generalized force, 
=, and the length of the rod, J, is the generalized coordinate, W. 
Hence, the combined equation of the first and second laws of thermo- 
dynamics (Eq. (1.30)) for such a system is written as 


T dS = dU + pdV — ¥ dl. (9.116) 


Since under tension the rod’s volume usually changes very slightly 
(as we will see later), for most cases of practical importance we may 
assume to a good approximation that V is constant and write (9.116) 
as 


T dS = dU —¥ dl. (9.117) 
15—0427 
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In accordance with (4.17c), (4.20b), (4.23c), and (4.26b), for an 
elastically deformed rod the Maxwell equations (with either p or 
V kept constant) are as follows: 
















(=), =($r),y (9.418) 
(= Lae ae Ey (9.119) 
(ar). = — (ar), » (2:420) 
(Pe hs 912 


It is evident that the magnitude of the tensile (or compressive) force 
on the rod can be expressed as 


WY = 49, (9.122) 
where Q is the cross-sectional area of the rod, and p is the tensile 
force per unit cross-sectional area, or stress. In practice the change 


in the size of the solid under stress is expressed in terms of the rela- 
tive change in length, or strain, €, as 


e = (L — lo)/lo, (9.123) 


where lọ is the length of the rod in the absence of a load, and 7 is 
the length of the rod under a load. From (9.123) we see that 


dl = lade + (1+ £)dlo (9.124) 


(lo changes with temperature). 
Taking into account (9.122) and (9.124), we can write (9.117) as 


T dS = dU — 4V, ( de + (1 + e) Fe 2), (9.125) 
where Vy = QJ, is the volume of the rod prior to deformation. This 
can be transformed to 

T ds, = du, — p (de + (1+ €)d In lo), (9.126) 
where s, and u, are the volume specific entropy and internal energy 
at a fixed temperature. 

The equation of state for an elastically deformed rod widely used 


in the theory of elasticity is the well-known Hooke’s law, which is 
usually written as 


1 i 
=5 b, (9.127) 


where E is the modulus of elasticity (Young’s modulus). 
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9.5.2. If we take into account the Maxwell equation (9.120), we 
can write (9.117) as 


(tT Ee 0.125 


Combining this with (9.122), (9.123), and, (9.127), we obtain 


(F) ef (2-1 Sr) ets Tol], (9.129) 
where 
amy (a) (9.130) 


is the linear thermal expansion coefficient of the material of the rod. 

In a similar way we can obtain a relation for the dependence of 
the enthalpy H* of the deformed rod on the force ¥. In accordance 
with Eq. (1.15), the enthalpy of the system under consideration can 
be written as 


H* =H + pV —¥ (l — |). (9.131) 


We must note that for W in (1.15) we take not the length of the rod /, 
but the difference 7? — 1), which is the change in the rod’s length 
under the force VY; the physical meaning of this remark is obvious. 

9.5.3. The process of rod deformation is accompanied by changes 
in the temperature of the rod, i.e. the elastocaloric effect. Of the most 
interest from the practical standpoint is the evaluation of the elas- 
tocaloric effect when the rod is deformed adiabatically (the adiabat- 
ic elastocaloric effect is sometimes called the Joule effect). It is evi- 
dent that the adiabatic elastocaloric effect is characterized by the de- 
Tivative (dT/ô¥)s p. 

To calculate (aT /0¥) s p» We use the Maxwell equation (9.119) 


ôT ôl 
Cara ar wat ten) 
In accordance with (2.6) we can write 
al _ 7 al aT 
($5 bw. p= (GF lw. (oe eo: (9.133) 
We see further that 
oT T 
(ile Breer: (9.134) 
where 
Os 
cep =T (sr), (9.135) 


15% 
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is the specific heat capacity of the material at constant stress (this 
value practically coincides with the constant-pressure heat capacity 
Cp), and G is the mass of the rod. 

If we combine (9.130), (9.133), and (9.134) with (9.132), we obtain 


oT AlyT 
(ar) s, p= 7 FE : (9.136) 





This relation enables us to calculate the change in temperature due 
to the elastocaloric effect. 

9.5.4. We can account for the change in the volume of an elastic 
rod as follows. We can show that at constant temperature the 
change in the volume of the rod with its length is determined by 


 =(1— 2p) de, (9.137) 
0 


where u is known as the Poisson ratio and is defined by the ratio 
e€,/e, where e is the relative longitudinal deformation (see (9.123)), 
and £, is the relative transverse deformation of the rod. 

If we use (9.137), we can write (9.116) as 


T dS = dU + V, [(1 — 2u) p — yJ de, (9.138) 
or in volume specific quantities 
T ds, = du, + [(1 — 2u) p — y] de. (9.139) 


Unlike (9.117) and (9.126), these relations account for the change in 
the volume of an elastic rod at constant temperature. The reader 
can easily find the relations for a varying temperature. 

9.5.5. Aside from problems concerning longitudinal deformation 
of an elastic rod, it is interesting in some cases to consider an elas- 
tic rod subjected to a certain torque M. For such a thermodynamic 
system the torque W is the generalized force, Ẹ, and the angle œ 
through which the rod is twisted by the torque W in the generalized 
coordinate W. The combined equation of the first and second laws 
of thermodynamics (1.30) is then written as 


T dS = dU + p aV —Md,. (9.140) 


A detailed thermodynamic analysis of torsion in a rod can be done 
in a way similar to that for a stretched (or compressed) rod; in the 
corresponding differential equations we must replace ¥ by W and 1 
by o. 


9.6 Voltaic Systems 


9.6.1. We know that for a reversible voltaic cell the electromotive 
force, 6, is the generalized force and the electric charge, Z, is the 
generalized coordinate. Hence, the combined equation of the first 
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and second laws of thermodynamics (1.30) is written as 
T dS = dU + p dv — €dZ. (9.141) 
If the volume of the system is kept constant (and only this case is. 


analysed when studying the thermodynamics of a voltaic cell), this 
relation assumes the form 


T dS = dU — €dZ. (9.142) 


The Maxwell equations (4.17c), (4.20c), (4.23b), and (4.26b) as 
applied to a reversible voltaic cell can be written in the following 





form: 
(F) = (Elzy (9.143) 
(az ee (FT s, p (9.144) 
zhan ees (9.145) 
(rlar l o li (9.146) 


We also know that the emf, €, of a reversible cell is a function of 
temperature and docs not depend on the extent to which the cell is 
charged. Therefore, (1) Eq. (9.146) is meaningless since if T is con- 
stant so is € (and vice versa), and (2) Eqs. (9.144) and (9.145) are 
identical and can be written as 


(F eav oa (9.147) 


Thus, for a reversible voltaic cell the system of Maxwell equations 
consists of two equations only, namely Eqs. (9.143) and (9.147). 

9.6.2. Next, let us cxamineJhow the internal energy U of a voltaic 
cell changes with charge Z at constant temperature. (We assume that 
the pressure in the system remains unchanged, p ='const, and the 
change in the volume of the system is negligible, V = const.) Equa- 
tion (9.142) then yields 


aU as a 
(rley (ay tt (9.148) 
If we combine this with (9.147), we obtain 


ðU dé 
(Thr. (9.149) 
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After integration we arrive at a relation that enables us to deter- 
mine how much the internal energy of a reversible cell changes as 
the charge changes by AZ = Z, — Z, at T = const: 


U, (T, Z)—U, (T, 2,) = | (€-7 T) az. (9.150) 


Since € depends solely on the temperature, from (9.150) it follows 
that 


r dé iG ry 
U2 (T, Z)—U, (T, Z)=(8—T $F) (4,—%). (9.4514) 


Furthermore, since in the system under consideration p and V 
are constant, from the definition of “ordinary” enthalpy (1.14) 
H = U +pV 

it is evident that here 
U,— U= Ay, — H, (9.152) 
and Eq. (9.151) can be expressed as 


H: (T, Py Z2)— H (T, p, Z) =(8--T SE) AZ. (9.453) 


In this equation the difference between the enthalpies of the system 
in the final and initial states in a process taking place under isobar- 
ic-isothermal conditions is, according to (5.80), simply the heat of 
the isobaric-isothermal reaction: 


Qp = H,— H, 
With this in mind, we can write Eq. (9.153) as follows: 
Qp=(6-T F) az. (9.154) 


This important equation connects the heat of reaction, Qp, in a 
voltaic cell and the cell’s emf, €. It is known as the Helmholtz 
equation. 

If we compare this equation with the Gibbs-Helmholtz equa- 
tion (5.82) 





-0p = Lir (ET), 


we see that the Helmholtz equation for a voltaic cell (9.154) is a par- 
ticular case of (5.82). 
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9.7 Two-Dimensional Surface Systems 


9.7.1. We know that the interface between two phases has spe- 
cial features: there is surface tension and the surface layer as a whole 
has excess internal energy (called surface energy). This surface layer 
is very thin (of the order of several monomolecular layers) and since 
its volume is negligible if compared with the whole bulk of the liq- 
uid, we are justified in assuming that the surface layer has zero thick- 
ness (and, hence, zero volume) and that the special features of this 
layer (excess energy, for one) manifest themselves only at the surface 
of the liquid. We will then speak of surface energy, surface heat ca- 
pacity, surface entropy, etc. 

9.7.2. Let us study a thermodynamic system that is an interfacial 
surface with no thickness. For such a system the surface area, ©, is 
the generalized coordinate, W, and the surface tension taken with the 
minus sign,-o, is the generalized force, €. The surface tension o is 
a unique function of temperature. The functional relationship 
o (T) for a given substance is the equation of state for the system under 
consideration. 

The combined equation of the first and second laws of thermodynam- 
ics (1.30) for this two-dimensional system (V = 0) can be written as 


T dS = dU —od6. (9.155) 


For the given system we can write the Maxwell equations (4.17c), 
(4.20b), (4.23c), and (4.26b) as 


Z ô 
(sr )e=(ar)s: (9:150) 
az aT e 
l k= (9.157) 
az aT Š 
(s5),=—(a)s (498) 
0S os 
(ar) = (r (8) 
Bearing in mind that o is a unique function of temperature, we see 
that, first, Eqs. (9.157) and (9.158) are identical and can be written 
as 
OS\ ôS) __ do y 
(se )= (3z) = Tr ore 


Second, it is obvious that Eqs. (9.156) and (9.159) are meaningless. 
Indeed, since 7 is constant, so is o, and the derivatives in (9.159) 
are zero. We easily see that the situation is the same with the de- 
rivatives in (9.156). From (2.71) it follows that 


(r= ($).+ (2), #. (33101) 
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Since (6G/0T), = 0 and, of course, (0G/da)7 = 0, it is obvious 
that the derivative (0G/0T), also equals zero. 

9.7.3. The entropy, internal energy, and other caloric quantities 
for a surface can be written as 


S=s,6, (9.162) 
U=u,6, (9.163) 


etc., where s, and ug are the area specific values of S and.U (since 
mass and volume are meaningless concepts for a two-dimensional 
system, the specific quantities can only be referred to a unit area). 

Next, differentiating (9.162) and (9.163) with respect to © with 
T kept constant, we obtain 





() = +6 (2), (9.164) 
(Shute (FZ), (9.165) 


Since both s, and u, depend only on temperature, they character- 
ize the properties of coexisting phases (just as o does). Hence, we can 
write (9.164) and (9.165) as 


sg (2 | (9.166) 
we=(+),- (9.167) 


The entropy s, can easily be determined via Eq. (9.160): from 
(9.160) and (9.166) we see that 


s=- (9.168) 


In this case the equation for the total entropy of the surface, (9.162), 
is 


do n r 
S=- r S (9.169) 
Let us now turn to ug. From (9.155) it follows that 
ðU :/ oS l = 
(=)= i (ea (It 


If we combine this with (9.160) and (9.167), we obtain 
d = 
us=0—T -F (9.171) 


The equation for the total internal energy of a surface, (9.163), then 
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9. Complex 
assumes the form: 
U= 7 a0 T, 9.17 
(o—r aT € (9.172) 


9.7.4. The area Specific heat capacity of a surface layer, co, is 
determined, according to (5.99), by the obvious relation 


— 7 Se 
Com (FF) (9.173) 
Using (9.169), we can write (9.173) as 
d?o 
co=— T-T. (9.174) 
9.7.5. From relation (3.9) 
= U—TS 
and relation (3.59) 
O* = U + pV + ẸW — TS, 
which for the given system can be written as 
* = U— oe — TS, (9.175) 
with due regard for (9.169) and (9.172), it follows, respectively, that 
F=06 (9.176) 
and 
@m* = 0. (9.177) 


Hence, we see that the area specific values of F and ®* are, respec- 
tively, 
f,=9 (9.178): 
and 
p* = 0, (9.179) 


We are not surprised at (9.179) since the mass of the surface layer is 
zero. 

9.7.6. If we now turn to an ordinary three-dimensional system com- 
posed of a pure substance, the combined equation of the first and sec- 
ond laws of thermodynamics for such a system (1.30), in which sur- 
face effects are taken into account, is written as 


T dS = dU + p dv —{olde. 


As to the thermodynamic properties of such a system, the relations. 
for U, H, F, ®, S, and the heat capacities of the system are deter- 
mined by the obvious relations reflecting the additivity of these 


234 The Differential Equations of Thermodynamics 


quantities: 
U—uG+(o-T-Z)6, (9.180) 
H=hG+ (c-T-) 6, (9.184) 
F = fG + 0G, (9.182) 
D = qG, (9.183) 
S=sG—2 6, (9.184) 
C,=0,G—T-e E, (9.185) 
Cy=¢G—T eG, (9.186) 


where G is the mass of the substance in the system. Obviously, when 
the ratio of the surface area of a liquid to its volume is small, the 
contribution of the surface of the liquid to the thermodynamic 
functions of the liquid is negligible. 


9.8 Radiation in a Cavity as a Thermodynamic System 


9.8.1. Equilibrium electromagnetic radiation in a closed cavity 
(photon gas) is a simple system performing only work of expansion. 
The only difference between the thermodynamic description of this 
system and that of usual simple systems is the specific character of 
the equation of state. In this connection we will briefly discuss the 
differential equations of the thermodynamics of such systems. 

9.8.2. Electrodynamics uses the notion of radiation density u,, 
which is defined as the amount of radiation energy per unit volume 


uy = UVV, (9.187) 


where U is the total radiation energy in the given cavity, and V 
is the cavity volume. We know from electrodynamics that u, is a 
function of the temperature alone and is independent of volume. 
Hence, from (9.187) written as 


U = V, 
it is clear that 
gU 
( T) SU (9.188) 


‘Combining this with (5.2), we find that 
0 
up =T (2) — p. (9.189) 
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It is known from electrodynamics that electromagnetic radiation 
exerts pressure on a surface, which either reflects or absorbs the ra- 
diation. The radiation pressure and radiation density are uniquely 
related in the following manner: 


p = Wl. (9.190) 
Taking this into account, we can transform (9.189) to 
T dup Up 
Us = -r 3 (9.191) 


(since u, depends on the temperature alone, the derivative of u, with 
respect to T is total). 
Solving this diferential equation, we obtain 
u, = aT*, (9.192) 


where a is a constant. This equation relates the radiation density 
to the temperature and is known as the Stefan-Boltzmann law. 

Substituting (9.192) into (9.187), we obtain the relation for the 
total radiation energy in a volume V: 


U = aT*V. (9.193) 
Combining (9.190) with (9.192), we arrive at the following rela- 
tion between radiation pressure and temperature: 


p=5T*. (9.194) 


This equation can be considered as the equation of state for a photon 
gas. We see that in a photon gas an isobar is an isotherm. 
9.8.3. The Maxwell equations for the system under consideration 
are written in their usual form, relations (4.1b) through (4.4b). 
For one, from (4.3b) 


oF es A 
(ar) .=( oT ly 
with due regard for (9.194), we see that 


(4) = ear, (9.195) 


whence it is obvious that 
S (V, T)=faTV (9.196) 
is the entropy of a photon gas in volume V; obviously, at V = 0 


(i.e. when there is no system that contains the photon gas) the en- 
tropy equals zero. 
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From (9.196) we see that the volume specific entropy of the radia- 
tion is 


s, (T) = aT, (9.197) 
which obviously depends only on temperature. 


9.8.4. The isobaric-isothermal potential, defined by the general 
formula (3.13) 


Pp = U + pV —TS, 
proves to be zero for a photon gas: taking into account (9.193), 
(9.194), and (9.196), from (3.13) we obtain 
p = 0. (9.198) 
This also implies that the chemical potential of a photon gas is zero. 


9.8.5. The volume specific (constant-volume) heat capacity of a 
photon gas, C,, is defined by the conventional relation 


C225 (Er), (9.199) 
which when combined with (9.197) yields 
C, = 4aT*. (9.200) 


As to the constant-pressure heat capacity of a photon gas, since, 
as we noted before, an isobar is also an isotherm for radiation and 
the heat capacity of an isothermal process is infinite, we find that 
for a photon gas Cp = œ. 
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